Homework 9 Solution
Yikun Zhang*

Chapter 5. Ex.1 Corollary 2.3 in Chapter 2 leads to the following simplified version of
the Fourier inversion formula. Supggose f is a continuous function supported on an interval
[—M, M], whose Fourier transform f is of moderate decrease.

(a) Fiz L with L/2 > M, and show that f(z) = " an(L)e L™ where

al) =1 [ f)e e = 1 f

=S

).

Alternatively, we may write f(z) =6 S f(nd)e2™m= with § = 1

(b) Prove that if F is continuous and of moderate decrease, then

/ §)d¢ = lim 8 Z

5>0 n=-—00

(¢) Conclude that f(x) = [~ F(€)e2miztqg.

Proof. (a) Since f is a continuous function supported on an interval [—M, M], i.e., f(z) =
for all z € (— ~00, M) (M, +00), we know that the Fourier coefficient of f is

27rznz

an(L) = 1 f f = L f(%), where f(&) = [* f(z)e *™*dx and £ > M.
Next we claim that the Fourier series > a,(L)e =™ converges uniformly to f(z).
Since f is of moderate decrease, we have |a,(L)| < |f(%)] < +E4£)2 < Lj—QA, where A is a
L
constant.

Thus the Fourier ser1es of f is absolutely convergent and by Corollary 2.3 in Chapter 2, we
obtain that f(x) = Z an(L)e .

n=—0oo

(b) First we have | [*°_ F(§)dé—d > F(on)| < Siapon 1P (@) |d2+]| ijN F(:z:)dx—5| |Z:N F(on)|+
n=—oo n|<=+
0 > F(on)|=5L+ 1+ 111
In|>5
Since F' is continuous and of moderate decrease, for any ¢ > 0 we can choose N > 0 such that
I = [l oy [F(2)ldz < §. Meanwhile, there exists a d; > 0 such that II; = 6 ’ Z|>N F(né;) <
mn

01 | IZ 1+x2 < fbe Tz T=dr < 5, where A is a constant.

Moreover, F' is continuous and thus integrable on [-N, N]. We can choose 0 < d < d; such
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that for all 0 < § < dq, 15 = |f_NN F(z)dr —0 Y F(dn)| < g, sinced ) F(0n) is almost a
In| <% In|<%

Riemann sum of F' and may just miss two end points N, —N but the difference is small.

Therefore, for all 06 < d, we have | [T F(£)d§ —& Y. F(0n)| < € and the result follows.

(¢) By Proposition 1.1 (iv), we know that f is continuous when f € M(R) and f is continuous.

Applying (a) and (b) on F(£) = f(£)e*™®, we obtain that

/ f(&)@msde = lim 5 Z f(nd)e e = f(x). O

n=—oo

Chapter 5. Ex.5 Suppose f is continuous and of moderate decrease.
(a) Prove that f is continuous and f(§) — 0 as |§| — oo.
(b) Show that if f(§) =0 for all &, then f is identically 0.

Proof. (a) Since f is of moderate decrease, there exists an N > 0 such that f\x|2N |f(z)|dz < §
for any € > 0.
Meanwhile, for any # € [~N,N], due to lim e 2™ = 1  there exists a § > 0 such that

—>0

le=2mihe — 1| < 2% when |h| < 6, where A = f_N | f(x)|dx for a fixed N.
Thus when \h\ < 5 we have

~ A N . .
Fetn) - fe) < / 21 ()| + / e e 1o+

2l >N
<254 Vi) o5 W

showing that f is continuous.
In addition, by Riemann-Lebesgue Lemma, for any fixed N > 0 we know that
[N Flx)e 2t dy < S when [¢] is large.
—N .
Therefore, |f(€)] < f|:C|>N |f(z)|dx + | f f(x)e 282 dx| < ¢, yielding that f(£) — 0 as |¢| —
00.

(b) Since f is of moderate decrease and g € S(R), by Theorem 3.1 in the Appendix, we know
that the multiplication formula still holds. Then we can choose §(§) = Ks(t — £). In reality,

gla) = [= (O erde = [ Kyt — ) ede = [, Ky(u)e™it-mdu = cmot Ry () =

eQTria:t . 6—7r5a:2.
Therefore, 0 = [7 f(2)Ks(y — z)dz — f(y) uniformly in z as § — 0, yielding that f is
identically 0. U

Remark: One may want to take g(z) = f(z) to prove the results through the continuity of
f. However, the case becomes more subtle because f is just of moderate decrease. We need to



refer to Fubini’s Theorem to write down a rigor proof.

Chapter 5. Ex.7 Prove that the convolution of two functions of moderate decrease is a
function of moderate decrease.

Proof. First we know that f * g is also continuous as f and g are continuous.
Moreover, by the moderate decreasing property of f and g, we have

[(f *g)(z)] < / |f(x —y)g(y)ldy+/ . |f(z —y)g(y)|dy

ly|< 2 ly|> 12

</ [%ng@ndw/ = )2y

wis 1+ (@ =) l>'s! 1+ @)

where A, B, C' are constants. O



