Homework 2 Solution
Yikun Zhang*

Chapter 2. Ex.2 In this exercise we show how the symmetries of a function imply certain

properties of its Fourier coefficients. Let f be a 2m-periodic Riemann integrable function defined
on R.

(a) Show that the Fourier series of the function f can be written as

F(6) ~ f(0) + Y [f(n) + f(=n)lcosnd + i[f(n) — f(=n)]sinné.

n>1

(b) Prove that if f is even, then f(n) = f{—n), and we get a cosine series.
(¢) Prove that if f is odd, then f(n) = —f(—n), and we get a sine series.
(d) Suppose that f(0 + ) = f(0) for all 6 € R. Show that f(n) =0 for all odd n.

(¢) Show that f is real-valued if and only if f(n) = f(—n) for all n.
Proof. (a)

= f(0) + ) _[(f(n) + f(=n))cos nb + i(f(n) — f(=n))sinnd] (1)

n=1
)

= f(0)+ > (A,cosnb + B,sinnb),
n=1
where A, = 5= [7_f(s)(e7™ +e™)ds = = ["_ f(s)cosnsds,
B, =5 [T f(s)(e7™m —em)ds =L [T f(s)sinnsds.
Notes: This result coincides with the definition in our Mathematical Analysis textbook.
(b) If f is even, then f(s)sinns is odd. Thus B, = i[f(n) — f(—n)] = 0, i.e., f(n) = f(—n)
and f(6) ~ £(0) +2 ilf(n)cos né.

A A ~

(c) If f is odd, then f(s)cosns is odd. Thus A, = f(n) + f(—=n) =0, i.e., f(n) = f(—n) and
f(O) ~ 2 i f(n)sinnb.
n=1
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(d) If f(0+m)= f(0) for all § € R, then

—mtdt
T om / 1)

27T f( ) _mtdt—i— _/ f —mtdt

1 0
— f() —zntdt+_/ f 6)+7T) —inb ; znwde

/ f —znt 1 + emﬂ')d

Since e™™ = —1 when n is odd, f(n) = 0 for all odd n.
(e) If f is real-valued, then f(6) = f(0).

Thus, f(n) = o= [T f(t)e=mtdt = = [T f(t)e™™dt = f(—n).
Conversely, we need an additional condition on f, that is, at least the imaginary
part of f should be continuous on R. If f(n) = f(—n) for all n, then

)~ D fment =% flne ™ = Z f=n)em? = Z f(n)e™ ~ f(6).

n=—0oo n=—oo n=—oo n=—0oo

Therefore f(o ) and f(6) have identical Fourier coefficients. By Parseval’s identity, we have
Tf0) = f(0)]2d0 = 2 [T_|v(0)[*dd, where v(0) is the imaginary part of f(f). With the
contmuous assumptlon on v, it becomes natural that v(f) = 0 for all § € R. g

Chapter 2. Ex.9 Let f(x) = X[ap(x) be the characteristic function of the interval |a,b] C
[—m, 7|, that is,

Xla,b] (37) -

{1 if ¢ € [a,b],

0 otherwise.

(a) Show that the Fourier series of f is given by

—ina —inb

f(x)wb_a—i-ze —.e gine.

2T 2min
n#0

The sum extends over all positive and negative integers excluding 0.
(b) Show that if a # —m orb # m and a # b, then the Fourier series does not converge absolutely
for any x.

(c) However, prove that the Fourier series converges at every point x. What happen if a = —m
and b=m?

Proof.(a) f(0) = o= [T Xy (2 dx—zﬂf de =22,

N —ina __,—inb

f(n = o f X[ab( ) andﬂf = 5. f e—lna:dx = T for n §£ 0.
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(b) First we have |€—in(z o 6—inb| — |e—ina”1 - ein(a—b)| — \/2 — 92¢0s n(a — b) _ 2’82:”71(1)2—(1) ‘

inb

Thus, |Tem‘”| = % > < where 6 = %52 € (0, ).
Since )7 | < diverges, we can conclude that the Fourier series does not converge absolutely
for any x.

_ —ina_ ,—inb . & . .
(c) flz) ~ B2+ dongo T = bea 21 —[sinn(z — a) — sinn(x —b)].
Let a, = =, b, = sinn(z — a), ¢, = sinn(z —b).
n

2 leos(%t)r — cos(%5)a] = pbg[cos — cos(51)a] <

ed and — decreases monotomcally to 0, by Dirichlet’s test, we know that the Fourler series
converges at every point z.

Since Z by, =

28m

If a = —7m and b = 7, the Fourier series is 1. O



