Homework 16 Solution
Yikun Zhang*

Chapter 6. Ex.2 Suppose that R : R?* — R is a proper rotation.
(a) Show that p(t) = det(R —tI) is a polynomial of degree 3, and prove that there exists v € S?
(where S* denotes the unit sphere in R?) with

R(v) =~.
(b) If P denotes the plane perpendicular to v and passing through the origin, show that
R:P—=P,

and that this linear map is a rotation.

Proof. (a) Since any proper rotation matrix can be expressed as a 3 x 3 matrix, we have
immediately that
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is a polynomial of degree 3 and the coefficient of 3 is (—1).
Moreover, using the fact that R is a proper rotation, we know that p(0) = det(R) =1 > 0 and

thm p(t) = —oo. Since a polynomial is necessarily continuous on R, there exists a A > 0 with
—+00

p(A) = 0. Then R — Al is singular, so its kernel is nontrivial. We choose a nonzero vector in
its kernel and normalize it to obtain v € S2?. The corresponding eigenvalue must be 1 because
R, a proper rotation, preserves the inner product.

(b) For any = € P, we have that v - R(z) = R(v) -« = v -z = 0, showing that R(z) is also
perpendicular to v and thus R maps P to P.

Meanwhile, R retains linearity and preservation of the inner product as it did in R. Hence, it
is still a rotation on P. U

Chapter 6. Ex.4 Let Ay and V; denote the area and volume of the unit sphere and unit ball
in RY, respectively.
(a) Prove the formula
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so that Ay = 27, A3 = 4mr, Ay = 27%,.... Here I'(z) =

Ag =

f e " 1dt is the Gamma function.
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Proof. (a)(Method 1) We derive the formula via the equality [.,e ™*"dz = 1 and polar

coordinates.
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which in turn shows that A; = Gk
2
(Method 2 (From Jian Yao)) We begin with the definition of A; and derive the formula directly.
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(b) Let A4(R) and V4(R) denote the area and volume of the sphere and ball centered at the

origin with radius R, respectively.
Then we can construct the volume V4(R) by adding infinitely thin spherical shells of radius



0 <r < R. In equation form, it becomes

vitm = [ Autryar

d

Therefore, dVy(r) = Aq(r)dr and by Aq(r) = 13?;) r?=1 where the factor 747! is a consequence
2

d a
of dimensional analysis, we conclude that Vg = [\ Ag(r)dr = [ ?’(T;)rd’ldr = F(’;i 5 O
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Chapter 6. Ex.5 Let A be a d x d positive definite symmetric matriz with real coefficients.
Show that

N

/ e @ A@) gy — (det(A)) 2.
R4

This generalizes the fact that fRd e dy = 1, which corresponds to the case where A is the
identity.

Proof. Applying the spectral theorem to write A = RDR™!, where R is a rotation, R~ = RT,
and D is diagonal with entries Aq, ..., Ay, we can transform the integral as

/e_”(”"’A(z))dm:/ e_”TA“"dx:/ e_mTRDRT”Cd:EZ/ 6_7ryTDy|det(A)|_1dy:/ e_ﬂyTDyd%
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where y = RTz and |det(A)|™! = 1. Since A is a positive definite symmetric matrix with real
coefficients, we know that all the eigenvalues are strictly greater than 0 and thus

/e_”yTDydy:/ e_“lz|2|det(D_%)]dz
Rd Rd

= |det(D™2)|
d 1
= A2
i=1 l
= (det(A)) 2. O



