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The Notion of Derivative

The derivative f'(t) = iim0 W signals an instantaneous rate of
—

change of a function f with respect to the input variable ¢.
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The Notion of Derivative

The derivative f'(t) = iim0 W signals an instantaneous rate of
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change of a function f with respect to the input variable ¢.
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Physics:

Position Velocity Acceleration
Time —= Time —= Time —-

Position f(t) derivafive Velocity o(t) =f'(t)

demvative  Acceleration a(t) = v'(f)

w
~
[}
pS|

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects



The Notion of Derivative

The derivative f'(t) = iim0 W signals an instantaneous rate of
—

change of a function f with respect to the input variable ¢.

™ = —

Physics:

Position Velocity Acceleration
Time —= Time —= Time —-

Position f(t) derivative Velocity o(t) =f'(t)
derivative
=

Acceleration a(t) = v'(t)

Economics: marginal cost, marginal revenue, marginal propensity to
consume (Haavelmo, 1947) are all related to derivatives.
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Derivative and Causation

Derivatives measure rates of change over infinitesimal neighborhoods.

Position f(t) derfvative Velocity o(t) = f'(t)
demvative - Acceleration a(t) = v'(f)
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Derivative and Causation

Derivatives measure rates of change over infinitesimal neighborhoods.

Position f(t) derfvative Velocity o(t) = f'(t)
demvative - Acceleration a(t) = v'(f)

Given the values v(fy) and f(t),

u

Acceleration a(t) = v'(t) cause” Velocity o(t) over [to, t1],

Velocity o(t) = f'(t) A" Position f(t) over [to, ).
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Derivative and Causation

Derivatives measure rates of change over infinitesimal neighborhoods.

Position f(t) derfvative Velocity o(t) = f'(t)
demvative - Acceleration a(t) = v'(f)

Given the values v(fy) and f(t),

u

Acceleration a(t) = v'(t) cause” Velocity o(t) over [to, t1],
Velocity o(t) =f'(f) 22"  Position f(t) over [to,t].

“The fundamental causal laws must Brit. J. Phil. Sci. 65 (2014), 845-862
use present properties and past
neighborhood properties to determine
future neighborhood properties ... the .
fundamental laws ... must involve some Why PhySICS Uses Second
neighbourhood properties as well. And the Derivatives
most natural sort of neighbourhood

property appears to be derivative.” Kenny Easwaran

Quoted from pp.857 of Easwaran (2014). This view is also defended in
Chapter 1 of Lange (2002).
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The Role of Derivatives in Causal Inference

Goal: We want to study the causal effect of a treatment T € 7 on an
outcome of interest Y € ).

E [Y(t)] = mean potential outcome under a static intervention T = t.
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The Role of Derivatives in Causal Inference

Goal: We want to study the causal effect of a treatment T € 7 on an
outcome of interest Y € ).

E [Y(t)] = mean potential outcome under a static intervention T = t.

When ¢ varies in a continuous space, t — E [Y(t)] := m(f) is a curve!

m—m(t) = E[Y()]
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The Role of Derivatives in Causal Inference

Goal: We want to study the causal effect of a treatment T € 7 on an
outcome of interest Y € ).

E [Y(t)] = mean potential outcome under a static intervention T = t.

When ¢ varies in a continuous space, t — E [Y(t)] := m(f) is a curve!

m—m(t) = E[Y()]
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0.3

0.24
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0.0 " .
0 2 4 6

Treatment value T=t
While m(t1) = m(t;), the derivative effects m’(t1), m’(t2) are distinct!
The derivative effect curve 6(t) = m'(t) = ZE[Y(t)] is a continuous

generalization to the average treatment effect E [Y(1)] — E [Y(0)].
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Estimand of Interest and its Alternatives

Our causal estimand of interest is the derivative effect curve

t 0(t) =m'(t) = %]E [Y(t)] for teT.
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Estimand of Interest and its Alternatives

Our causal estimand of interest is the derivative effect curve

t 0(t) =m'(t) = %]E [Y(t)] for teT.

Problem: §(t) is non-regular and cannot be estimated in a /n-rate.
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Estimand of Interest and its Alternatives

Our causal estimand of interest is the derivative effect curve

t 0(t) =m'(t) = %]E [Y(t)] for teT.

Problem: §(t) is non-regular and cannot be estimated in a /n-rate.

There are some closely related but distinct estimands:

Incremental Causal/Treatment Effect (Kennedy, 2019; Rothenhdusler and
Yu, 2019):
E[Y(T+9)] —E[Y(T)]

for some small deterministic 6 > 0.
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Estimand of Interest and its Alternatives

Our causal estimand of interest is the derivative effect curve

t 0(t) =m'(t) = %]E [Y(t)] for teT.

Problem: §(t) is non-regular and cannot be estimated in a /n-rate.

There are some closely related but distinct estimands:

Incremental Causal/Treatment Effect (Kennedy, 2019; Rothenhdusler and
Yu, 2019):
E[Y(T+9)] —E[Y(T)]

for some small deterministic 6 > 0.

Average Derivative/Partial Effect (Powell et al., 1989; Newey and Stoker,
1993):

E [;E(HT, s)} =E[0(T)],

where S € S C R? is a covariate vector.
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Basic Framework and Assumptions

To identify and estimate 6(t) from the observed data {(Y;, T, S;)}._,, the
following assumptions are generally imposed.

Assumption (Identification Conditions)
(Consistency) Y; = Y;(t) whenever T; =t € T.
(Ignorability or Unconfoundedness) Y;(t) LLT; | S; forall t € T.

(Positivity) pris(t|s) > pmin > 0 forall (t,s) € T x S.

1Some mild assumptions are needed; see Theorem 1.1 in (Shao, 2003).
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Assumption (Identification Conditions)
(Consistency) Y; = Y;(t) whenever T; =t € T.
(Ignorability or Unconfoundedness) Y;(t) LLT; | S; forall t € T.
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_d
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EutS)] < E [%(t, 5)} with p(t,s) =E(Y[T=£S—=s).

o(t) T

1Some mild assumptions are needed; see Theorem 1.1 in (Shao, 2003).
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Basic Framework and Assumptions

To identify and estimate 6(t) from the observed data {(Y;, T, S;)}._,, the
following assumptions are generally imposed.

Assumption (Identification Conditions)
(Consistency) Y; = Y;(t) whenever T; =t € T.
(Ignorability or Unconfoundedness) Y;(t) LLT; | S; forall t € T.
(Positivity) pris(t|s) > pmin > 0 forall (t,s) € T x S.

_d
Tt

o(t) = 2R [u(t,s) L E [gtu(t, 5)} with p(ts) =E(Y|T=tS=s5).
Estimating (partial) derivatives is a challenging problem (Dai et al.,
2016)

Data generally come from Y; = u(T;, S;) + € but not Y; = %M(Ti, S) + €.

1Some mild assumptions are needed; see Theorem 1.1 in (Shao, 2003).
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Basic Framework and Assumptions

To identify and estimate 6(t) from the observed data {(Y;, T, S;)}._,, the
following assumptions are generally imposed.

Assumption (Identification Conditions)
(Consistency) Y; = Y;(t) whenever T; =t € T.
(Ignorability or Unconfoundedness) Y;(t) LLT; | S; forall t € T.
(Positivity) pris(t|s) > pmin > 0 forall (t,s) € T x S.

_d
Tt

EutS)] < E [%(t, 5)} with p(t,s) =E(Y[T=£S—=s).

o(t) T

Estimating (partial) derivatives is a challenging problem (Dai et al.,
2016)

Data generally come from Y; = u(T;, S;) + € but not Y; = %M(Ti, S) + €.

Positivity is a strong assumption with continuous treatments!

1Some mild assumptions are needed; see Theorem 1.1 in (Shao, 2003).
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An Example of the Positivity Violation

Assumption (Positivity Condition)
There exists a constant puin > 0 such that pris(t[s) > pmin for all (t,s) € T x S.

T =sin(nS) + E, E~ Unif[-0.3,0.3], S~ Unif-1,1], and EIS.
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An Example of the Positivity Violation

Assumption (Positivity Condition)
There exists a constant pyin > 0 such that pris(t|s) > pmin for all (t,s) € T x S.

T =sin(nS) + E, E~ Unif[-0.3,0.3], S~ Unif-1,1], and EIS.

EEE joint support of (T,S)

1.0

0.5

~ 0.0

—0.5;

—1.0;

0.0 0.5 1.0

S
» Note: p(t|s) = 0 in the gray regions, and the positivity condition fails.

-1.0 -0.5
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Highlights of Today’s Talk

Under the positivity condition:
We propose doubly robust (DR) estimator of 6(t) via kernel smoothing.

Deriving a DR estimator for (f) is more intricate than for ().
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Regression Adjustment (RA) + Inverse Probability Weighting (IPW) {:s DR
BT
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Highlights of Today’s Talk

Under the positivity condition:
We propose doubly robust (DR) estimator of 6(t) via kernel smoothing.

Deriving a DR estimator for (f) is more intricate than for ().
Regression Adjustment (RA) + Inverse Probability Weighting (IPW) {:s DR
BT

Without the positivity condition:

m(t) and 6(t) are identifiable with an additive structural assumption:

Y(t) = m(t) +n(S) +e. (1)
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We propose doubly robust (DR) estimator of 6(t) via kernel smoothing.

Deriving a DR estimator for (f) is more intricate than for ().

Regression Adjustment (RA) + Inverse Probability Weighting (IPW) {:s DR
BT

Without the positivity condition:

m(t) and 6(t) are identifiable with an additive structural assumption:

Y(t) = m(t) +n(S) +e. (1)

However, the usual IPW estimators of m(t) and 6(t) are still biased
even under model (1).

These biases are due to the support discrepancy.
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Highlights of Today’s Talk

Under the positivity condition:
We propose doubly robust (DR) estimator of 6(t) via kernel smoothing.

Deriving a DR estimator for (f) is more intricate than for ().

Regression Adjustment (RA) + Inverse Probability Weighting (IPW) {:s DR
BT

Without the positivity condition:

m(t) and 6(t) are identifiable with an additive structural assumption:

Y(t) =m(t) + n(S) + e (1)
However, the usual IPW estimators of m(t) and 6(t) are still biased
even under model (1).

These biases are due to the support discrepancy.

We propose our bias-corrected IPW and DR estimators of 6(f).

Our approach establishes an interesting connection to nonparametric
support and level set estimation problems.
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Inference Theory for #(t) Under Positivity

%
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Recap of the Identification Under Positivity

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y (t)LLT | S forall t € T.

(Positivity) pris(t[s) > pmin > 0forall (t,s) € T x S.
Given that u(t,s) = E (Y|T =t,S = s), we have

m(t) =E[Y ()] = E[u(t,S)],

RA or G-computation: {Q(t) ;%E Y()] = LB [u(t, $)] — E [Z (. 5)]
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Recap of the Identification Under Positivity

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y (t)LLT | S forall t € T.
(Positivity) pris(t[s) > pmin > 0forall (t,s) € T x S.

Given that u(t,s) = E (Y|T =t,S = s), we have

. ym() =E[Y(H)] =Eut )],
RA or G-computation: {Q(t) _ %]E Y() = %E (.S = E [%u(t,S)] |
ow. J () =EY(0)] = i E {W((Tls))]
oty = 45[¥(5] = 72

Here, K : R — [0, c0) is a kernel function and & > 0 is a smoothing
bandwidth parameter.
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Dose-Response Curve Estimation Under Positivity

There are three major strategies for estimating

m(t) = B[Y(1)] = E[u(t,9)] = m E

Y'K(T)]

h - prs(T|S)

from the data {(Y;, T;, S;) }1;.
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Dose-Response Curve Estimation Under Positivity

There are three major strategies for estimating

m(t) = B[Y(1)] = E[u(t,9)] = m E

h - prs(T|S)

Y'K(T)]

from the data {(Y;, T;, S;) }1;.
RA Estimator (Robins, 1986; Gill and Robins, 2001):

_ 1o
mga(t) = o > At S).
i-1
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Dose-Response Curve Estimation Under Positivity

There are three major strategies for estimating

m(t) = B[Y(1)] = E[u(t,9)] = m E

h - prs(T|S)

Y'K(T)]

from the data {(Y;,T;, S;)}1,
RA Estimator (Robins, 1986; Gill and Robins, 2001):

1

IPW Estimator (Hirano and Imbens, 2004; Imai and van Dyk, 2004):

K (L=t
impw (t nthﬂ() Y.

s(Ti[S:)
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Dose-Response Curve Estimation Under Positivity

There are three major strategies for estimating

m(t) = B[Y(1)] = E[u(t,9)] = m E

Y'K(T)]

h - prs(T|S)

from the data {(Y;,T;, S;)}1,
RA Estimator (Robins, 1986; Gill and Robins, 2001):

1

IPW Estimator (Hirano and Imbens, 2004; Imai and van Dyk, 2004):

()

e ( " uh Z PT|S(T |S:) "

DR Estimator (Kallus and Zhou, 2018; Colangelo and Lee, 2020):

(%)
okt ~ nh Z {pﬂs Ti|S;:) Yo =t Sl 4R H(ﬁsi)} |
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RA and IPW Estimators of (t) Under Positivity

To estimate §(t) = 4E[Y(t)] = E [Zu(t,S)] from {(Y;, T;, S;)},, we also
have three strategies:

RA Estimator:

Tea(t) = =3 B8 with A(ts) = oplts).
i=1
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RA and IPW Estimators of (t) Under Positivity

To estimate §(t) = 4E[Y(t)] = E [Zu(t,S)] from {(Y;, T;, S;)},, we also
have three strategies:

RA Estimator:
Tea) = L3°B5) with B(ts) = its)
RA _”H ,Si)  wi 8) = 5ultss).
tion: How t lize the IPW f B =1imE | 2XCE) |
Question: How to generalize the orm m(t) = lm B | 72y | to

identifying 6(t)?
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RA and IPW Estimators of (t) Under Positivity

To estimate §(t) = 4E[Y(t)] = E [Zu(t,S)] from {(Y;, T;, S;)},, we also
have three strategies:

RA Estimator:

Qu(t’ s).

1~ _
:%;5“’50 with 6(t>5):at

T—t
Question: How to generalize the IPW form m(t) = hm E [m} to

identifying 6(t)?

IPW Estimator: Inspired by the derivative estimator in Mack and
Miiller (1989), we propose

i—t) g (Tizt
Oow(t) = Z ( ) ( ! ) with k= / 2K (1) du.
”h2 Ko - pris(TilS;i)
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Challenges of Deriving a DR Estimator of 6(t)

The usual approach to construct a DR (or AIPW) estimator is as follows:

~ ]- - ~ VR =
filga(t) = > At S) + inpw(t) =
i=1

~ 1 N
= impr(t) = + ” ZM(’% Si).
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Challenges of Deriving a DR Estimator of 6(t)

The usual approach to construct a DR (or AIPW) estimator is as follows
1 n
== STAS)  + ipw(t) =
i=1
= mpr(t) =

1 —

This “naive” combining approach does not work for constructing a DR
estimator of 6(t):

n n (Ti=t T,—t
Ora(t) %Zg?(t,s,-) “+” Bpw(t) hZZHK()'Y

— w2 prs(TlS)

Yikun Zhang
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Challenges of Deriving a DR Estimator of 6(t)

The usual approach to construct a DR (or AIPW) estimator is as follows
1 n
T SRS mpw(t) =
i=1
= mpr(t) =

1 —

This “naive” combining approach does not work for constructing a DR
estimator of 6(t):

n n [ Ti—t T,—t
§RA(t)=%ZQ(t,5,-) “+” Bpw(t) hzz()K()-Y

— 2% pT\S T |S) '

1 n (1}/’*’)[((1};*) N . n ~
Oarew 1 (t) = s l; S s) {Yi - B(t, 51')] + 5 Z B(t,Si);

i=1
9, p= 15 KOE) v (1) G s)] 4+ 130 At st
AIPW,Z( ) = Z:lﬁr\s(TJSz) Tty T — ( ) 1) + n Z:l‘x ( ) 1)/e C.
i= -

Remark: All these AIPW estimators are, at best, singly robust!!
Yikun Zhang
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Doubly Robust Estimator of (¢) Under Positivity

T—t) g (T,-ft
aRA % Z g f S Y4 GIPW Z M -Y

- — r2-pris(TilS:)
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Doubly Robust Estimator of (¢) Under Positivity

n

~

Ora(t) =

“g(t, S:) n gﬂ,w Z m .Y

k2 - pris(TilSi)

S =

i=1 i=1
—

on _122122:(5&5)){%—&@5) (Ti =) Bt.5)]+

i=1

'.\M—\

3 A

IPW component RA component

The “IPW component” leverages a local polynomial approximation to
push the residual to (roughly) second order.

Neyman orthogonality (Neyman, 1959; Chernozhukov et al., 2018) holds
ash — 0.
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Doubly Robust Estimator of §(¢) Under Positivity

n

~

Ora(t) =

“g(t, S:) n gﬂ,w Z m .Y

k2 - pris(TilSi)

S =

i=1 i=1
—

on _122122:(5&5)){%—&@5) (Ti =) Bt.5)]+

i=1

'.\M—\

s

IPW component RA component

The “IPW component” leverages a local polynomial approximation to
push the residual to (roughly) second order.

Neyman orthogonality (Neyman, 1959; Chernozhukov et al., 2018) holds
ash — 0.

Different from fipw (t) and ﬁzDR(t) we must compute the inverse
probability weights as SIS \s(T B but not m fori=1,..,n
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Asymptotic Properties of fpg(t)

Theorem (Theorem 1 in Zhang and Chen 2025)
Under some regularity assumptions and
78 B, ﬁﬂs are estimated on a dataset independent of {(Y;, Ti, S;) Y1y,
at least one of the model specification conditions hold:
Pris(t]s) =N pris(tls) = prs(t|s) (conditional density model),
fi(t,s) > A(t,s) = p(t,s) and B(t,s) 5 B(t,s) = B(t,s) (outcome model);
sup  [[Pris(ulS) = pris(S)l, |IACS) = e, ), + |5t 5) - Bt S>HLJ =or (&),

|u
we prove that
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Asymptotic Properties of fpg(t)

Theorem (Theorem 1 in Zhang and Chen 2025)
Under some regularity assumptions and
78 B, ﬁﬂs are estimated on a dataset independent of {(Y;, Ti, S;) Y1y,
at least one of the model specification conditions hold:
Dris(t]s) = Bris(ts) = pris(ts) (conditional density model),
i(t,s) = fi(t,s) = u(t,s) and B(t,s) 5 B(t,s) = B(t,s) (outcome model);
sup[[pns(115) = pristu9)l, |1t 8) = w9l + 1[50, e 9|, | =or ().

|u
we prove that

Vnh3 [%R(t) = H(t)] = ﬁ é¢h,t (Yi, T;, Si; i3, B, prys) + op(1).

Vnh3 [éDR(t) —o(t) — thg(t)} A N0, Vo (t)).

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 16/37



Statistical Inference on 0(t)

We can conduct asymptotically valid inference on §(t) = %E [Y(t)] using

Vi [éDR(t) —9(t) — thg(t)} 4 N0, V(1))
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Statistical Inference on 0(t)

We can conduct asymptotically valid inference on §(t) = %E [Y(t)] using

Vi [éDR(t) —9(t) — thg(t)} 4 N0, V(1))

We estimate V(t) = E {oﬁt (Y.T,S; i, S,ﬁﬂs)} with

() K ()
S

¢h,t (Y7 T,SQID'anf)TlS) = \/E /{/2 pT‘S(

(Y~ A(t.S) ~ (T~ 1) (t,9))

)

~ n ~
by Vg(t) = % ;¢%,t (Ya Tas;ﬁvﬂapﬂs>-
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Statistical Inference on 6(f)
We can conduct asymptotically valid inference on 0(t) = ZE [Y(t)] using

V3 [épR(t) —0(t) — h2B9(t)] A N0, Vo(h)) .

We estimate V() = {qf)h (Y, T,S; i,
T—t

() K(

1| )} with

¢h,t (Yv Tv 57 ﬁv Bv ﬁT|S) =

) o B _
i ety (Y~ ) = (T =1 56.5)]

h
(T
1w ~ A
by V@(t) = ;gb%,t (Ya TaS;luaﬂapT\S>'

~

Ii, B, pr|s can be estimated via sample-splitting or cross-fitting.

Fold 1 Fold 2 Fold 3
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Statistical Inference on 0(t)

We can conduct asymptotically valid inference on §(t) = %E [Y(t)] using

Vi [éDR(t) —9(t) — thg(t)} 4 N0, V(1))

We estimate V(t) = E {oﬁt (Y.T,S; i, S,ﬁﬂs)} with

ot (Y, T, S; i, B, pris) = G K )| (Y = a(t,S) — (T —t)- B(t, )]

Vh -z - pris(T|S)

~ n ~
by Vg(t) = % ;¢%,t (Ya Tas;ﬁvﬂapﬂs>-

i, B, Pr|s can be estimated via sample-splitting or cross-fitting.
The explicit form of By(t) is complicated, but #?By(t) is asymptotically
negligible when h = O (n*%> .

This order aligns with the outputs from usual bandwidth selection
methods (Wand and Jones, 1994; Wasserman, 2006).
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Inference Theory for 6(t) Without Positivity

%
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Why Do We Need Positivity?

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y (t) LLT | S forall t € T.
(Positivity) pris(t[s) > pmin > 0forall (t,s) € T x S.
The RA (or G-computation) formulae are given by

n) = EYO] = Elu(t,5)]  and 60 = B0 =B | u(t.5)].

The IPW approaches also rely on the following identities:

e [ £ KCE) VK] 1o
8 [ 1) i | -2 [Gwes]

K2 h? pT|5(T‘S) E)t

:| E[u(t,S)] and limE
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Why Do We Need Positivity?

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y (t) LLT | S forall t € T.
(Positivity) pris(t[s) > pmin > 0forall (t,s) € T x S.
The RA (or G-computation) formulae are given by

n) = EYO] = Elu(t,5)]  and 60 = B0 =B | u(t.5)].

The IPW approaches also rely on the following identities:

YK o[0,0]

i Y- K (%)
ImE | —— 2+~
h—0 h- PT\S(T|S) h—0

K2 h? pT|5(T‘S) E)t

:| E[u(t,S)] and limE

Identification Issue: Without positivity, u(t,s) = E (Y|T =t,S = s) is not
well-defined outside the support J C T x S of the joint density p(t, s).
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Identification Strategy Without Positivity

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y (t)LLT | S forall t € T.
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Identification Strategy Without Positivity

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y (t)LLT | S forall t € T.

Assumption (Extrapolation Condition; Zhang et al. 2024)

Suppose that at least one of the following conditions are valid.

The function E[Y(t)|S = s] is continuously differentiable with respect to t
forany (t,s) € T x S with pgr(s|t) > 0 and

0

o(t) =E L?tE [y(t)s@ —E [;E [Y(t)|S] ‘T - t] .

The potential outcome Y (t) is continuously differentiable with respect to t
0 0
6(t) =E {E L%Y(t)’s” —E {E [atY(t)‘S] ‘T - t} .

Additionally, it holds true that E(Y) = E [m(T)].

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 20/37




Identification Strategy Without Positivity

IF0(t) = 4E[Y(t)] = E [2E[Y(1)|S] = E [gﬂa Y(£)|S] ‘T - t} holds true,

then
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Identification Strategy Without Positivity

If0(t) = $E[Y(H)] = E [GE[Y(£)|S]]
then 5
WQE[&E(Mﬂvq
@E{;MHQT:Lﬂhzﬂ
O {;(HT_tSh—ﬂ
E[; tsﬁ_ﬂ = Oc(b).

—E[SE[Y

(t)]S] ‘T = t} holds true,

(*) Ignorability

(**) Consistency

Yikun Zhang
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Identification Strategy Without Positivity

I£0(t) = $E[Y(H)] = E [GE[Y(1)]S] = E [GE[Y(1)]S] T = ] holds true,
then

0
o(t) = E [(,%E[Y(t)w]‘]" - t}
) |0 _ _ . .
=E 8tIE[Y(f)\T =t,5] ’T =t (*) Ignorability
gl - ~
o E(Y|T =t,5) ‘T =t (**) Consistency

—E [gt (t, S))T - t] = Oc(b).

For any t € T, the fundamental theorem of calculus reveals that

=t =t

m(t) :m(T)—&-j[ m’(?)d?:m(T)—&-j[ o(t) dt.

t=T t=T
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Identification Strategy Without Positivity

I£0(t) = $E[Y(H)] = E [GE[Y(1)]S] = E [GE[Y(1)]S] T = ] holds true,
then

0
o(t) = E [(,%E[Y(t)w]‘]" - t}
) |0 _ _ . .
=E 8tIE[Y(f)\T =t,5] ’T =t (*) Ignorability
gl - ~
o E(Y|T =t,5) ‘T =t (**) Consistency

—E [gt (t, S))T - t] = Oc(b).

For any t € T, the fundamental theorem of calculus reveals that

=t =t

m(t) :m(T)—&-j[ m’(?)d?:m(T)—&-j[ o(t) dt.

=T =T
Taking the expectation on both sides of the above equality yields that

m(t):]E(Y)HE{[t L‘; 1S ‘T_t} dt}
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Validity of Our Identification Strategies Without Positivity
We identify §(t) through

Oc(t) =E [;E(HT: t,S)‘T: t] —E [gt (1, 9) ‘T— t]

In contrast to the identification via E [ x(t, S)| under positivity, we
only need

9 3

to be well-defined when f)s",‘( s|t) > 0.

I joint support of (T,S)
psir(s|t) >0

mis(t|s) =0

-1.0 =05 0.0

S
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Key Example: Additive Confounding Model

o(t) = %JE Y(t) =E [;E [ya)s@ —E {;E [Y(5)]S] ‘T - t} .
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Key Example: Additive Confounding Model

o(t) = ;tJE Y(t)] = E [;E [ya)s@ —E {;E [Y()|S] ‘T - t} .

Proposition 2 in Zhang et al. (2024) shows that the above equality holds
under an additive structural assumption

Y(t) = m(t) +n(S) + e
m:7T — Randn: S — R are deterministic functions.

¢ € Ris an independent noise variable with E(e¢) = 0 and Var(¢) > 0.

m(t) = E[Y(t)] = m(t) + E[n(S)] and 0(t) = m'(t) = FE[Y ()] = ' (t).
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Key Example: Additive Confounding Model

o(t) = ;tJE Y(t)] = E [;E [ya)s@ —E {;E [Y()|S] ‘T - t} .

Proposition 2 in Zhang et al. (2024) shows that the above equality holds
under an additive structural assumption

Y(t) = m(t) + n(S) +e.
m:7T — Randn: S — R are deterministic functions.
¢ € Ris an independent noise variable with E(e¢) = 0 and Var(¢) > 0.
m(t) = E[Y(t)] = m(t) + E[n(S)] and 6(t) = m'(t) = $E[Y(£)] = ' (¢).

Identification:

Y+/:T o(t) d?] 10 :/%u(t,s) dFsr(s|t).
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Key Example: Additive Confounding Model

o(t) = ;tJE Y(t)] = E [;E [ya)s@ —E {;E [Y()|S] ‘T - t} .

Proposition 2 in Zhang et al. (2024) shows that the above equality holds
under an additive structural assumption

Y(t) = m(t) + n(S) +e.
m:7T — Randn: S — R are deterministic functions.
¢ € Ris an independent noise variable with E(e¢) = 0 and Var(¢) > 0.
m(t) = E[Y(t)] = m(t) + E[n(S)] and 6(t) = m'(t) = $E[Y(£)] = ' (¢).

Identification:
F=t . 8
m(t) = E Y+/ o(F) df | | G(t):/au(t,s)dFs‘T(sH).
t=T

RA estimator without positivity (Zhang et al., 2024):

n

ficra(t) = %Z Y,-+A_ fc.ra(f) d?] , Beralt) = /B(t,s)d?S|T(s|t).

i=1 =Ti
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Estimation Biases of IPW Estimators Without Positivity

Question: How about IPW and DR estimators of 6(t) without positivity?

For identification, we assume Y (t) = m(t) + n(S) + €.
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Estimation Biases of IPW Estimators Without Positivity

Question: How about IPW and DR estimators of 6(t) without positivity?

For identification, we assume Y (t) = m(t) + n(S) + €.

Consider usual (oracle) IPW estimators of m(f) and 6(t) as
T;
1 YK (

) v ()R ()

mpw(t) = — » ——— ",
1w (£) nh & pris(Ti[S) nhZZ w2 - pris(TilSi)
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Estimation Biases of IPW Estimators Without Positivity

Question: How about IPW and DR estimators of 6(t) without positivity?
For identification, we assume Y (t) = m(t) + n(S) + €.

Consider usual (oracle) IPW estimators of m(f) and 6(t) as

L) ()

m t) = _
tew (1) nh — pris(TilS;) w2 - pris(TilSi)

We show in Proposition 2 of Zhang and Chen (2025) that

Jim E i (8)] = ()  p(t) +(t) # m(?)
lim E [fipw (1) = {M) O o,

where p(t) =P (S € S(t)) and w(t) = E [1(S) Lises(y]-
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Estimation Biases of IPW Estimators Without Positivity

Question: How about IPW and DR estimators of 6(t) without positivity?
For identification, we assume Y (t) = m(t) + n(S) + €.
Consider usual (oracle) IPW estimators of m(f) and 6(t) as

ity = L3 K ) nhzz a6 t)K(Tih_t).

nh <~ prs(TilS;) ' w2 - pris(TilSi)

We show in Proposition 2 of Zhang and Chen (2025) that

lim E [ (8] = i1(t) - p(£) + eo(t) # m(),
lim E [fipw (1) = {M) O o,

where p(t) =P (S € S(t)) and w(t) = E [1(S) Lises(y]-

Key Issue: The conditional support S(t) of pg(s|t) and the marginal
support S of ps(s) are different!!
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Bias-Corrected IPW Estimator of 6(f)
Y (5 K (5) 1 _ {m’(t) - p(t)

W2 - ky - pris(T|S) 00

lim E [QIPW(t)} = imE # 0(t),

where p(t) =P (S € S(t)) and w(t) = E [n(S) Lises)}]-

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 25/37



Bias-Corrected IPW Estimator of 6(f)
Y (5 K (5) 1 _ {m’(t) - p(t)

HmE [QH’W(”} = pmE k2 - pris(T1S) 00 7 000),

where p(t) =P (S € S(t)) and w(t) = E [n(S) Lises)}]-
We first want to disentangle 6(t) = m’(t) from the bias term:

Y () K(5F) psie(SIT) |, .
E|:h2,,{2.l715(1‘5>.275(5) —m(t)+O(h)

+ / E {[ﬁi(f + uh) + n(S)] [Lisese+unns®y — Lises@\stun}] ‘T = f} u- K(u)du.
R

Non-vanishing Bias

S(t + uh S

S(t) N S(t + uh)

1
1

S(t)AS(t + 'ulz,),"
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Bias-Corrected IPW Estimator of 6(f)

Y (5 K (57) psir(SIT)
h? - ky 'PT\S(T|S) -ps(S)

] = i’ (t) + O(h*) + “Non-vanishing Bias”.
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Bias-Corrected IPW Estimator of 6(f)

Y (5 K (57) psir(SIT)
h? - ky 'PT\S(T|S) -ps(S)

] = i’ (t) + O(h*) + “Non-vanishing Bias”.

We replace pgs|r(s|t) with a (-interior conditional density p¢(s|t) so that

{s € S(t) : pc(s|t) >0} C S(t+06) forany ¢ € [—h,h].

(TJT_\. S
) ()KJ

S
1
S(H)AS(t+0)_ -
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Bias-Corrected IPW Estimator of 6(f)

Y (5 K (57 psjr(SIT)
h2 -k - pris(T|S) - ps(S)

] i’ (t) + O(h*) + “Non-vanishing Bias”.

We replace pgs|r(s|t) with a (-interior conditional density p¢(s|t) so that

{s € S(t) : pc(s|t) >0} C S(t+06) forany ¢ € [—h,h].

(=)

HAS(t + )
T—t
Now, we have that E h(2 — )pr(s(;\ ))p;i?l? ' (t) + O(h?).
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(-Interior Conditional Density

Question: How can we find a ¢-interior conditional density p¢(s|t)?
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(-Interior Conditional Density

Question: How can we find a ¢-interior conditional density p¢(s|t)?

Suppoﬁ;ﬁnﬁﬂdngappnxmh Lewﬂsetappnxwh

AST+(>

SHAS(t +3). ¥

SHhel= {SES(t):xeiansmesfozZC} E( {S e St PS\T(S|t) > C}

and define and define

pe(slt) = psir(slt) - Lisesecy pe(slt) = psir(slt) - Liser )
Jsyocpsr(silt) dsy Jeo o psir(silt) dsy
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(-Interior Conditional Density

Question: How can we find a ¢-interior conditional density p¢(s|t)?

Suppoﬁ;ﬁnﬁﬂdngappnxmh Lewﬂsetappnxwh

AST+(>

SHAS(t +3). ¥

SHhel= {SES(t):xeiansmesfozZC} E( {S e St PS\T(S|t) > C}

and define and define

pe(slt) = psir(slt) - Lisesecy pe(slt) = psir(slt) - Liser )
Jsyocpsr(silt) dsy Jeo o psir(silt) dsy

Remark: Practically, the level set approach is recommended, because we
only need to choose ¢ > 0.
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Bias-Corrected IPW and DR Estimators of 0(t)

Bias-Corrected IPW Estimator:

) v (%) K (7 petsi

w2 - p(Ti, i) ’

HC w (

where
p(t,s),pc(s|t) are estimators of p(t, s), pc(s|t).
¢ canbesetto, e.g., ¢ = 0.5 max {ps7(Silt) :i=1,...,n}.

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 28/37



Bias-Corrected IPW and DR Estimators of 0(t)

Bias-Corrected IPW Estimator:

) v () K (%52 Al

w2 - p(Ti, i) ’

HC w (

where
p(t,s),pc(s|t) are estimators of p(t, s), pc(s|t).
¢ canbesetto, e.g., ¢ = 0.5 max {ps7(Silt) :i=1,...,n}.

Bias-Corrected DR Estimator:
Oc Dr(t)

hzz( )@< ) s

p(Ti, Si)

+/B@ﬂﬁd¢ﬂs

RA component

=)

[Yi =7t S) = (Ti = 1)

(t, Si)}

IPW component
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Asymptotic Properties of O pr(t) Without Positivity
Theorem (Theorem 5 in Zhang and Chen 2025)

Under some regularity assumptions and

i, B, P, Pc are estimated on a dataset independent of {(Y;, T;, Si) }1_y;

~ _ ~ P _
vl ||pe(S[t) — pe (S|, = op(1), where p(s|t) = pe(s|t);
at least one of the model specification conditions hold:
B(t,s) 5 B(t,s) = p(t, s) (joint density model),

fi(t,s) 2 fi(t,s) = p(t,s) and B(t,s) = B(t,s) = B(t, s) (outcome model);

e 1P, ) = e S)l |13 ) = e, )l + b [Bi5) - B, s>HL2] =op (L)

we prove that
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Asymptotic Properties of O pr(t) Without Positivity
Theorem (Theorem 5 in Zhang and Chen 2025)

Under some regularity assumptions and

i, B, P, Pc are estimated on a dataset independent of {(Y;, T;, Si) }1_y;

~ _ ~ P _
vl ||pe(S[t) — pe (S|, = op(1), where p(s|t) = pe(s|t);
at least one of the model specification conditions hold:
B(t,s) 5 B(t,s) = p(t, s) (joint density model),

fi(t,s) 2 fi(t,s) = p(t,s) and B(t,s) = B(t,s) = B(t, s) (outcome model);

e 10 8) = p(w Sl [Hﬁ(t, $) = ut, )y, +1||Bct,9) - B¢, s>HL2] = op (&)
we prove that
Vnh? PC,DR(t) — 9(f)} = ﬁ > ¢cnt (Yi Tis Sis i, B, prys) + op(1).

i=1

Vnh3 {ac,DR(t) —0(t) - thc,o(t)] LN (O, Ve,o(t)).
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Statistical Inference on 6(t) Without Positivity

Asymptotically valid inference on 6(t) = %IE [Y(#)] can be done via
Vnh? [§C,DR(t) —0(t) — thc,e(f)} 5N (0, Veo(t).
We estimate Ve o(t) = E [¢g7h7t (Y,T,S; i, B, p, ﬁg)} with

5 < L) KGR -pe(SID)
Y,T,S: -
¢C,h,t( 7T757N7/83p3pC) \/fl,‘ﬁ;zfj(T7s)

[Yﬁ ﬂ(t, S) - (Tﬁ t) ! B(tv S)]

~ n ~
by Vea(t) = 1 X 02 (V-T.8:78. 5.5.5¢ ).
i=
7, B, P, Pc can be estimated via sample-splitting or cross-fitting.

We choose an implicit undersmoothing bandwidth 1 = O (n_ %> to
neglect the bias h?Bc ¢ (t).
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Simulations and Case Study

%
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Simulations Without Positivity

Y = T3+T%4+10S+e,

T = sin(7S)+E,

S ~ Unif[-1,1], E ~ Unif[—0.3,0.3].

n=500 n=1000 n=4000 n=10000
15 15 15 15
T 10 10 10 10
8
n
8
o 5 5 \/"\Z 5 \,-."\—\Z
0
—05 00 05 —65 0.0 05 —0.5 0.0 05 —0.5 00 05
15 15 15 15
5
5 10 10 10 10
py
4
= | | \\/"\J/ : \\"\J/
0 0 0 0
05 00 05 —05 00 05 —05 00 05 —05 00 05
_09sF===—=======q [Fooo—--= =] F-———-==-= - Fe==--= ——
= 00 m 00
50.90 W,f"‘r\'\/ 0.9 M
3 o8 0.8
50.85
5 08 07
£0.80 07
3 0.6
©o0.75 0.7 0.6
05 00 65 0.0 05 —05 ) 05

0.5
Treatment value t Treatment value t

0.0
Treatment value t

.5 0.0
Treatment value t

Bralt) (P)
—— Bipult) (P)

Bon(t) (P)
—— Bcralt) (NP)
—+= Bc,ipu(t) (NP)
—— Bc,oalt) (NP)

Note: 3(t,s) = %M(t, s) is estimated via automatic differentiation of a
well-trained neural net (inspired by Luedtke 2024).

Yikun Zhang

Doubly Robust Inference on Causal Derivative Effects



A Case Study Under Positivity

We compare our proposed DR estimator fpr(t) under positivity with the
finite-difference method (Colangelo and Lee 2020; CL20) on the U.S. Job
Corps program (Schochet et al., 2001).
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A Case Study Under Positivity

We compare our proposed DR estimator fpr(t) under positivity with the
finite-difference method (Colangelo and Lee 2020; CL20) on the U.S. Job
Corps program (Schochet et al., 2001).

Y is the proportion of weeks employed in 2" year after enrollment.
T is the total hours of academic and vocational training received.

S comprises 49 socioeconomic characteristics, and n = 4024.
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We compare our proposed DR estimator fpr(t) under positivity with the
finite-difference method (Colangelo and Lee 2020; CL20) on the U.S. Job
Corps program (Schochet et al., 2001).

Y is the proportion of weeks employed in 2" year after enrollment.
T is the total hours of academic and vocational training received.

S comprises 49 socioeconomic characteristics, and n = 4024.

0.10
P 1
E 0.05
b
20,001 FaA N < e e
©
2
g—o.os ,
' ~ \
CL20 (NN, L=5) —— CL20 (KNN, L=5) | — Bor(t) (RKS, L=5) |/ ¥ !
-0.10 1000 2000 3000 4000 1000 2000 3000 4000 0 1000 2000 3000 4000
g 0.05
9 : 0.00
&
B 000 TN NI 000
§ -0.01
§—0-05 -0.05
CL20 (NN, L=1) —— CL20 (KNN, L=1) —0.02{ — Bor(t) (RKS, L=1)
1000 2000 3000 4000 1000 2000 3000 4000 0 1000 2000 3000 4000
Hours in Training Hours in Training Hours in Training
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Discussion .“
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Summary of Today’s Talk

We study (nonparametric) doubly robust inference on 6(t) = £E [Y(¢)]
with and without the positivity condition.
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Summary of Today’s Talk

We study (nonparametric) doubly robust inference on 6(t) = £E [Y(¢)]
with and without the positivity condition.

Under the positivity condition,
naive AIPW estimators are not doubly robust;

our proposed DR estimator Oor (t) achieves doubly robust consistency at
the standard nonparametric rate.
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naive AIPW estimators are not doubly robust;

our proposed DR estimator Oor (t) achieves doubly robust consistency at
the standard nonparametric rate.

§DR(1‘) admits an asymptotically linear form for pointwise (and uniform)
inference when h = O (n’ 5 )
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naive AIPW estimators are not doubly robust;

our proposed DR estimator Oor (t) achieves doubly robust consistency at
the standard nonparametric rate.

§DR(1‘) admits an asymptotically linear form for pointwise (and uniform)
inference when h = O (n’ 5 )

Without the positivity condition,

we prove the inconsistency of conventional IPW and DR estimators even
when Y(t) = m(t) + n(S) + €.
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Summary of Today’s Talk

We study (nonparametric) doubly robust inference on 6(t) = £E [Y(¢)]
with and without the positivity condition.

Under the positivity condition,

naive AIPW estimators are not doubly robust;

our proposed DR estimator Oor (t) achieves doubly robust consistency at
the standard nonparametric rate.

§DR(1‘) admits an asymptotically linear form for pointwise (and uniform)

inference when h = O (n’ 5 )

Without the positivity condition,

we prove the inconsistency of conventional IPW and DR estimators even
when Y(t) = m(t) + n(S) + €.

our bias-corrected IPW and DR estimators reveal a novel connection to
nonparametric set estimation problems (Bonvini et al., 2023).
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Summary of Today’s Talk

We study (nonparametric) doubly robust inference on 6(t) = £E [Y(¢)]
with and without the positivity condition.

Under the positivity condition,

naive AIPW estimators are not doubly robust;

our proposed DR estimator Oor (t) achieves doubly robust consistency at
the standard nonparametric rate.

§DR(1‘) admits an asymptotically linear form for pointwise (and uniform)

inference when h = O (n’ 5 )

Without the positivity condition,

we prove the inconsistency of conventional IPW and DR estimators even
when Y(t) = m(t) + n(S) + €.

our bias-corrected IPW and DR estimators reveal a novel connection to
nonparametric set estimation problems (Bonvini et al., 2023).

Causal Inference Meets Geometric Data Analysis
(https://uwgeometry.github.io/)!
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Open Questions and Future Work

Efficiency Theory: Can we derive efficient influence functions for our
DR estimators through a sequence of kernel-smoothed parameters
approximating 6(t) (van der Laan et al., 2018)?
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Open Questions and Future Work

Efficiency Theory: Can we derive efficient influence functions for our
DR estimators through a sequence of kernel-smoothed parameters
approximating 6(t) (van der Laan et al., 2018)?

Debiasing DR Estimators: Can we debias our DR estimators through
explicit bias estimation (Calonico et al., 2018; Cheng and Chen, 2019;
Takatsu and Westling, 2024) or calibration (van der Laan et al., 2024)?

Derivative Estimation in Other Causal Contexts: Can we generalize
our derivative estimators to other causal estimands:

instantaneous causal effect 4E [Y(t)|S = s] (Stolzenberg, 1980);

direct and indirect effects in mediation analysis (Huber et al., 2020)?
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Thank you!

More details can be found in

[1] Y. Zhang, Y.-C. Chen, and A. Giessing. Nonparametric Inference on Dose-Response
Curves Without the Positivity Condition. arXiv preprint, 2024.
https://arxiv.org/abs/2405.09003.

[2] Y. Zhang and Y.-C. Chen. Doubly Robust Inference on Causal Derivative Effects for
Continuous Treatments. arXiv preprint, 2025. https://arxiv.org/abs/2501.06969

All the code and data are available at
hhttps://github.com/zhangyk8/npDRDeriv.

Python Package: npDoseResponse.

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 37/37


https://arxiv.org/abs/2405.09003
https://arxiv.org/abs/2501.06969
hhttps://github.com/zhangyk8/npDRDeriv
https://pypi.org/project/npDoseResponse/

Reference

M. Bonvini, E. H. Kennedy, and L. J. Keele. Minimax optimal subgroup identification. arXiv preprint
arXiv:2306.17464, 2023.

S. Calonico, M. D. Cattaneo, and M. H. Farrell. On the effect of bias estimation on coverage accuracy in
nonparametric inference. Journal of the American Statistical Association, 113(522):767-779, 2018.

G. Cheng and Y.-C. Chen. Nonparametric inference via bootstrapping the debiased estimator. Electronic
Journal of Statistics, 13(1):2194 — 2256, 2019.

V. Chernozhukov, D. Chetverikov, M. Demirer, E. Duflo, C. Hansen, W. Newey, and J. Robins.
Double/debiased machine learning for treatment and structural parameters. The Econometrics
Journal, 21(1):C1-C68, 01 2018.

K. Colangelo and Y.-Y. Lee. Double debiased machine learning nonparametric inference with
continuous treatments. arXiv preprint arXiv:2004.03036, 2020.

W. Dai, T. Tong, and M. G. Genton. Optimal estimation of derivatives in nonparametric regression.
Journal of Machine Learning Research, 17(164):1-25, 2016.

K. Easwaran. Why physics uses second derivatives. The British Journal for the Philosophy of Science, 65(4):
845-862, 2014.

R. D. Gill and J. M. Robins. Causal inference for complex longitudinal data: the continuous case. Annals
of Statistics, 29(6):1785-1811, 2001.

T. Haavelmo. Methods of measuring the marginal propensity to consume. Journal of the American
Statistical Association, 42(237):105-122, 1947.

K. Hirano and G. W. Imbens. The Propensity Score with Continuous Treatments, chapter 7, pages 73-84.
John Wiley & Sons, Ltd, 2004.

M. Huber, Y.-C. Hsu, Y.-Y. Lee, and L. Lettry. Direct and indirect effects of continuous treatments based
on generalized propensity score weighting. Journal of Applied Econometrics, 35(7):814-840, 2020.

K. Imai and D. A. van Dyk. Causal inference with general treatment regimes: Generalizing the
propensity score. Journal of the American Statistical Association, 99(467):854-866, 2004.

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 1/10



Reference

N. Kallus and A. Zhou. Policy evaluation and optimization with continuous treatments. In International
Conference on Artificial Intelligence and Statistics, pages 1243-1251. PMLR, 2018.

E. H. Kennedy. Nonparametric causal effects based on incremental propensity score interventions.
Journal of the American Statistical Association, 114(526):645-656, 2019.

M. Lange. An Introduction to the Philosophy of Physics: Locality, Fields, Energy, and Mass. Blackwell,
Oxford, 2002.

A. Luedtke. Simplifying debiased inference via automatic differentiation and probabilistic
programming. arXiv preprint arXiv:2405.08675, 2024.

Y. Mack and H.-G. Miiller. Derivative estimation in nonparametric regression with random predictor
variable. Sankhya: The Indian Journal of Statistics, Series A, pages 59-72, 1989.

W. K. Newey and T. M. Stoker. Efficiency of weighted average derivative estimators and index models.
Econometrica, 61(5):1199-1223, 1993.

J. Neyman. Optimal asymptotic tests of composite hypotheses. Probability and Statsitics, pages 213-234,
1959.

J. L. Powell, J. H. Stock, and T. M. Stoker. Semiparametric estimation of index coefficients. Econometrica,
57(6):1403-1430, 1989.

J. Robins. A new approach to causal inference in mortality studies with a sustained exposure
period—application to control of the healthy worker survivor effect. Mathematical modelling, 7(9-12):
1393-1512, 1986.

D. Rothenhéusler and B. Yu. Incremental causal effects. arXiv preprint arXiv:1907.13258, 2019.

P. Z. Schochet, J. Burghardt, and S. Glazerman. National job corps study: The impacts of job corps on
participants” employment and related outcomes. Mathematica policy research reports, Mathematica
Policy Research, 2001.

J. Shao. Mathematical Statistics. Springer Science & Business Media, 2003.

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 2/10



Reference

R. M. Stolzenberg. The measurement and decomposition of causal effects in nonlinear and nonadditive
models. Sociological Methodology, 11:459—488, 1980.

K. Takatsu and T. Westling. Debiased inference for a covariate-adjusted regression function. Journal of
the Royal Statistical Society Series B: Statistical Methodology, page qkae041, 2024.

L. van der Laan, A. Luedtke, and M. Carone. Automatic doubly robust inference for linear functionals
via calibrated debiased machine learning. arXiv preprint arXiv:2411.02771, 2024.

M. J. van der Laan, A. Bibaut, and A. R. Luedtke. Cv-tmle for nonpathwise differentiable target
parameters. In M. J. van der Laan and S. Rose, editors, Targeted Learning in Data Science: Causal
Inference for Complex Longitudinal Studies, pages 455-481. Springer, 2018.

M. P. Wand and M. C. Jones. Kernel Smoothing. CRC press, 1994.
L. Wasserman. All of nonparametric statistics. Springer Science & Business Media, 2006.

Y. Zhang and Y.-C. Chen. Doubly robust inference on causal derivative effects for continuous
treatments. arXiv preprint arXiv:2501., 2025.

Y. Zhang, Y.-C. Chen, and A. Giessing. Nonparametric inference on dose-response curves without the
positivity condition. arXiv preprint arXiv:2405.09003, 2024.

Yikun Zhang Doubly Robust Inference on Causal Derivative Effects 3/10



Detailed Regularity Assumptions

Assumption (Differentiability of the conditional mean
outcome function)
Forany (t,s) € T x Sand u(t,s) =E(Y|T =t,S = s), it holds that
w(t, s) is at least four times continuously differentiable with respect to t.
w(t,s) and all of its partial derivatives are uniformly bounded on T x S.

Let J be the support of the joint density p(t, s).

Assumption (Differentiability of the density functions)

Forany (t,s) € J, it holds that
The joint density p(t, s) and the conditional density prs(t|s) are at least
three times continuously differentiable with respect to t.
p(t,s), pris(tls), psir(s|t), as well as all of the partial derivatives of p(t, s)
and pris(t|s) are bounded and continuous up to the boundary 0J.
The support T of the marginal density pr(t) is compact and pr(t) is
uniformly bounded away from 0 within T
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Detailed Regularity Assumptions

Assumption (Regular kernel conditions)

A kernel function K : R — [0, 00) is bounded and compactly supported on
[—1,1] with [, K(t)dt = 1 and K(t) = K(—t). In addition, it holds that

Kj = [ WK(u)du < coand v; := [ WK?*(u)du < oo forall j =1,2, ....
K is a second-order kernel, i.e., k1 = 0 and ky > 0.

’ ky /
K= {t’ — (t;f> K(%) teT,h>0k :0,1} is a bounded

VC-type class of measurable functions on R.

Assumption (Smoothness condition on S(t))

Forany 6 € Rand t € T, there exists an absolute constant Ay > 0 such that
either (i) “S(t) © (Ao|d]) C S(t + 9)” for the support shrinking approach or
(i1) “ Lag|s5/(t) C S(t +0)” for the level set approach.
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Self-Normalized IPW and DR Estimators

The self-normalizing technique can reduce the instability of IPW and
DR estimators (Kallus and Zhou, 2018):

Self-Normalized Estimators Under Positivity:

r v (2)e(5)

gnorm _ é\IPW(t) - 1221 ﬁT\S(Ti‘Si)
W () = TN = ——
P G R G
nh = pris(Ti[S;) 2 o Prs@Is)

and

n Y8~ (T—)-B(t,S) ( )K( )
N = pris(TilS) 1
horm (4 i=1 -
DR ( ) ., K(—t> 1’l zz:
rioh Z PT\S(T|5)
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Self-Normalized IPW and DR Estimators

Self-Normalized Estimators Without Positivity:

i Y, (B ) K () Pe(Silh)
phorm _ Oc.rw (f) = p(Ti,S:)
C,IPW(t)_ N = e — ,
L o k() 7easin oK 52 pesio
I OV )

and

n[Yi=(t8) — (T—0-B(t.8)] (B ) K (B2 Pe(Silt)
o~ : /ﬁ(Tiysr)

o () = =

Tt
n, K(5) Fesin
Kzzhjzzl ?(Tj’sj)i

+ [ Bits) petsly s
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Simulations Under the Positivity Condition

We generate i.i.d. observations {(Y;, T;, S;)}/_; from the following
data-generating model (Colangelo and Lee, 2020):

Y=12T+T?+ TS +1.2¢"S + €,/0.5+ Frr01)(S1), €~N(0,1),

T = Fp) (3¢'S) = 0.5+ 0.75E, S = (S1,...,54)" ~N;z(0,2), E~N(0,1),
where
Fr(0,1) is the CDF of V' (0,1) and d = 20.

€= (&,...&)" € R hasits entry & = ]lz forj=1,..,dand 3; = 1,
Y =05when|i—j| =1,and ¥; = 0when [i —j| > 1fori,j=1,...,d.

The dose-response curve is given by m(t) = 1.2t + 2, and our
parameter of interest is the derivative effect curve 6(t) = 1.2 4 2.
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Simulations Under the Positivity Condition

n=500 n=1000 n=2000 n=6000
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Figure: Comparisons between our proposed estimators and the finite-difference
approaches by Colangelo and Lee (2020) (“CL20”) under positivity and with
5-fold cross-fitting across various sample sizes.
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Simulations Under the Positivity Condition

n=500 n=1000 n=2000 n=6000
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Figure: Comparisons between our proposed estimators and the finite-difference
approaches by Colangelo and Lee (2020) (“CL20”) under positivity and without

cross-fitting across various sample sizes.
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