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Fundamental Problem of Causal Inference

» Study the causal effect of a treatment T € 7 on the outcome of interest Y € ).
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Fundamental Problem of Causal Inference

» Study the causal effect of a treatment T € 7 on the outcome of interest Y € ).
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The treatment variable T is binary, i.e., T = {0, 1}.
Only one potential outcome, Y (1) or Y(0), can be observed for each individual.

The common causal estimand is the average treatment effect E [Y(1)] — E [Y(0)].
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Motivation for Continuous Treatments

» We want to study the causal effects of PM, 5 levels on Cardiovascular Mortality
Rates (CMRs).
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Biological pathways associated with particulate matter (PM) and cardiovascular
disease (Miller and Newby, 2020; Basith et al., 2022).
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Motivation for Continuous Treatments

FIPS County name Longitude Latitude PM2.5 CMR
1025 Clarke -87.830772 31.676955 6.766443 379.421713
1061 Geneva -85.839330 31.094869 8.254272 378.524698
1073 Jefferson  -86.896571 33.554343 10.825441 352.790427

1077 Lauderdale -87.654117 34.901500 9.208783 332.594557
5085 Lonoke -91.887917 34.754412 8.213144 365.061085
8045 Garfield -107.903621 39.599420 2.601772 250.781477

The dataset contains the average annual cardiovascular mortality rates (CMRs) and
PMj; 5 levels across n = 2132 U.S. counties from 1990 to 2010 (Wyatt et al., 2020a,b).
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FIPS County name Longitude Latitude PM2.5 CMR
1025 Clarke -87.830772 31.676955 6.766443 379.421713
1061 Geneva -85.839330 31.094869 8.254272 378.524698
1073 Jefferson  -86.896571 33.554343 10.825441 352.790427

1077 Lauderdale -87.654117 34.901500 9.208783 332.594557
5085 Lonoke -91.887917 34.754412 8.213144 365.061085
8045 Garfield -107.903621 39.599420 2.601772 250.781477

The dataset contains the average annual cardiovascular mortality rates (CMRs) and
PMj; 5 levels across n = 2132 U.S. counties from 1990 to 2010 (Wyatt et al., 2020a,b).

The treatment variable T, i.e., the PM; 5 level at each county, is a quantitative
measure. In other words, it is not a binary but continuous variable!
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Causal Inference For Continuous Treatments

For binary treatment (i.e., 7 = {0, 1}), common causal estimands are
E [Y(t)] = mean counterfactual outcome when we set T = t.

E[Y(1)] — E[Y(0)] = average treatment effect.

» Question: What are the counterparts of the above estimands under continuous
treatment (i.e., 7 C R)?
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Causal Inference For Continuous Treatments

For binary treatment (i.e., 7 = {0, 1}), common causal estimands are

E [Y(t)] = mean counterfactual outcome when we set T = t.

E[Y(1)] — E[Y(0)] = average treatment effect.
» Question: What are the counterparts of the above estimands under continuous
treatment (i.e., 7 C R)?

t — m(t) :== E[Y(t)] = (causal) dose-response curve.

t— 0(t) :=m'(t) = %E [Y(t)] = (causal) derivative effect curve.

Dose Response Curve
A

Response

»
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Identification of Dose-Response Curves in RCTs

In randomized controlled trials (RCTs),

mt) =E[Y()) =E(Y[T=1t) and 0(t) = th (Y|IT =1).
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Identification of Dose-Response Curves in RCTs

In randomized controlled trials (RCTs),

mt) =E[Y()) =E(Y[T=1t) and 0(t) = th (Y|IT =1).

We can estimate m(t) by fitting a regression on {(Y;, T;) }._;.

Recovering 6(t) is a derivative estimation problem (Gasser and Miiller, 1984).
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Identification of Dose-Response Curves in RCTs

In randomized controlled trials (RCTs),

mit)=E[YH]=E(Y|T=t) and 0(t) = %E (Y|T=t).

We can estimate m(t) by fitting a regression on {(Y;, T;) }._;.

Recovering 6(t) is a derivative estimation problem (Gasser and Miiller, 1984).

RCTs
X

Some identification assumptions are required to estimate m(t) and 6(t) from the
observable data {(Y;, T;, S;) }I ;.
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Identification of Dose-Response Curves in Observational Studies

Assumption (Identification Conditions)

(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability) Y (t) is conditionally independent of T given S forall t € T.
(Positivity) The conditional density satisfies p(t|s) > pmin > 0 for all (t,s) € T x S.
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Identification of Dose-Response Curves in Observational Studies

Assumption (Identification Conditions)

(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability) Y (t) is conditionally independent of T given S forall t € T.
(Positivity) The conditional density satisfies p(t|s) > pmin > 0 for all (t,s) € T x S.

m(t) =E[Y(t)] Og {E[Y(t)|S]} (*) Law of total expectation
@ E{E[Y(t)|T =t,S]} (**) Ignorability
CE [E(Y|T =t,S)] (***) Consistency & Positivity

The positivity condition is required in (***) for
plts) =E(Y[T=tS=s)

to be well-defined on 7 x S.
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Estimation of Dose-Response Curves Under Positivity

There are three major strategies for estimating

m(t) = E[Y(t)] = E [u(t,S)] = lim E

h—0 h-p(T|S)

Y-K(T,:f)]

from the data {(Y;, T;, S;)}'_,, where K : R — [0, c0) is a kernel function.

i=1’
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Estimation of Dose-Response Curves Under Positivity

There are three major strategies for estimating

m(t) =E[Y()] = E[u(t,5)] = lim

Y-K(T,:f)]

h-p(T|S)

from the data {(Y;, T;, S;)}'_,, where K : R — [0, c0) is a kernel function.

i=1’

Regression Adjustment (Robins, 1986; Gill and Robins, 2001):

_ 1
mRA(t) = ﬁ Zl u(t, S,‘).
1=
Inverse Probability Weighting (Hirano and Imbens, 2004):

Ti—t
Z (t)—an(h) Y,
TPV — p(TilS;) "

Doubly Robust (Kennedy et al., 2017; Colangelo and Lee, 2020).
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Estimation of Dose-Response Curves Under Positivity

There are three major strategies for estimating

m(t) =E[Y()] = E[u(t,5)] = lim

Y-K(T,:f)]

h-p(T|S)

from the data {(Y;, T;, S;)}'_,, where K : R — [0, c0) is a kernel function.

i=1’

Regression Adjustment (Robins, 1986; Gill and Robins, 2001):

_ 1
mRA(t) = ﬁ Zl u(t, S,‘).
1=
Inverse Probability Weighting (Hirano and Imbens, 2004):

Ti—t
Z (t)—an(h) Y,
TPV — p(TilS;) "

Doubly Robust (Kennedy et al., 2017; Colangelo and Lee, 2020).

» Issue: Positivity is a strong assumption with continuous treatments!
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Violation of the Positivity Condition

Assumption (Positivity Condition)
The conditional density p(t|s) is uniformly bounded away from zero for all (t,s) € T x S.
T =sin(7S) +E, E~ Unif[-0.3,0.3], S~ Unif[-1,1], and ELS.

BN joint support of (T,S)
1.04

0.51

= 0.0

—0.51

—1.0;

0.0 0.5 1.0

S
» Note: p(t|s) = 0 in the gray regions, and the positivity condition fails.
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PM, 5 Distribution at the County Level
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Average PM; 5 levels from 1990 to 2010 in n = 2132 counties.

T is PM; 5 level, and S consists of the county location and socioeconomic factors.

Only one or several PM; 5 levels are available per county in the dataset, and the

positivity condition is violated!
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Highlight of Today’s Talk

tm() =E[Y(H)] and tes 0(t) = th Y()] for teT.

The positivity condition may fail in some regions of 7 x S.

We propose a new identification strategy for m(t) and 6(t).
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tm() =E[Y(H)] and tes 0(t) = th Y()] for teT.

The positivity condition may fail in some regions of 7 x S.

We propose a new identification strategy for m(t) and 6(t).

We derive a novel integral estimator i1y (t) of m(t) forall t € T.

Construct a localized derivative estimator 6¢(t) of 6(t) = m'(t) around the
observations T;,i =1, ..., n.

Extrapolate fc(t) to any treatment level of interest via the integration.
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Highlight of Today’s Talk

tm() =E[Y(H)] and tes 0(t) = th Y()] for teT.

The positivity condition may fail in some regions of 7 x S.

We propose a new identification strategy for m(t) and 6(t).

We derive a novel integral estimator i1y (t) of m(t) forall t € T.

Construct a localized derivative estimator 6¢(t) of 6(t) = m'(t) around the
observations T;,i =1, ..., n.

Extrapolate fc(t) to any treatment level of interest via the integration.

Both 714 (t) and f¢(t) are consistent in 7~ even when the positivity condition fails.

Nonparametric bootstrap inference with our proposed estimators 7114(t) and 5c(t)
for m(t) and 6(t) is asymptotically valid.
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Why Do We Need Positivity?

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y(t) LT | S forall t € T.
(Positivity) pris(t|s) > Pmin > 0 forall (t,s) € T x S.

The RA (or G-computation) formulae are given by

m(t) =E[Y()] =E[u(t.S)] and 6(t) = th [Y(H)] =E [gt ult, sﬂ .

B joint support of (T,S)

1.0
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Why Do We Need Positivity?

Assumption (Identification Conditions)
(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability or Unconfoundedness) Y(t) LT | S forall t € T.
(Positivity) pris(t|s) > Pmin > 0 forall (t,s) € T x S.

The RA (or G-computation) formulae are given by

m(t) =E[Y(H)] =E[u(t.S)] and WDzZEW@Mﬂ%iﬂ@&}

B joint support of (T,S)

» Identification Issue: Without
positivity,

ut,s) =E(Y|T=t8=s)

“10 is not well-defined outside the support
: E C T x S of the joint density p(t, s).

1.0
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Identification Strategy Without Positivity

Assumption (Identification Conditions)

(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability) Y(t) is conditionally independent of T given S forall t € T.
(Treatment Variation) Var(T|S = s) > 0 forall s € S.

I joint support of (T,S)
1.0

0.5

'_

0.0

-0.5 p(t|s) =0

-1.0

-1.0 -05 0.0 0.5 1.0

S
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Identification Strategy Without Positivity

Assumption (Identification Conditions)

(Consistency) Y = Y(t) whenever T =t € T.
(Ignorability) Y(t) is conditionally independent of T given S forall t € T.
(Treatment Variation) Var(T|S = s) > 0 forall s € S.

I joint support of (T,S)

Assumption (Extrapolation; Zhang et al. 2024)
Assume (t,s) — E[Y(t)|S = s] to be differentiable

w.r.to t for any (t,s) € T x S with pgr(s|t) > 0
and

10 ps‘r(slf)>0

0.5

— 0.0

o) = LE[Y(1] = [Sg@ [Y(t>|51}

-0.5
pris(t|s) =0

-1.0

ot

*E [aE[Y(mS] ‘T:t] :

-1.0 -05 0.0 0.5 1.0

5 Additionally, it holds true that E(Y) = E [m(T)].
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Identification Strategy Without Positivity

IF0(t) = LR [Y(t)] = E [2E[Y(£)[S] = E [%E [Y(t)|S] (T - t} holds true, then
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Identification Strategy Without Positivity

IF0(t) = LR [Y(t)] = E [2E[Y(£)[S] = E [%E [Y(t)|S] ‘T - t} holds true, then

EE Joint support of (T,S)

o(t) = E [;E[Y(MS]‘T - t]

10 pS\T(Slt) >0
*) 9 _ _
05 2E | SEYOIT=18]|T=t

= 00 O [;E(HT —1,8)|T= t]
-0.5

pris(tls) =0

—E [gt,u(t, 5))7* - t} = Oc(t).

-1.0

0.0 0.5 1.0 (*) Ignorability; (**) Consistency.
S

-1.0 =05
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Identification Strategy Without Positivity

IF0(t) = LR [Y(t)] = E [2E [Y(£)|S]] = [at]E[Y(t)|S] ‘T: t} holds true, then

o(t) = E [;E[Y(MS]‘T - t]

EE Joint support of (T,S)

10 pS\T(Slt)>O

~

Yg [;E[Y(tm’ —t, S]‘T - t}

(;)E[ﬁ

0.5

~ 0.0

E(Y|T = T =
BT = 1.8)|T ]

-0.5

Pris(tls) = 0 _E[g (t,5) )T_t} = 0c(b).

-1.0
-10 =05 00 0.5 1.0 (*) Ignorability; (**) Consistency.
S =0c(u)
/-A\
By the fundamental theorem of calculus, m(t) = m(T) + fT u)du so that
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Identification Strategy Without Positivity

IF0(t) = LR [Y(t)] = E [2E[Y(£)[S] = E [%E [Y(t)|S] (T - t} holds true, then

EE Joint support of (T,S)

o(t) = E [;E[Y(MS]‘T - t]

10 pS\T(Slt)>O

0.5 :E[E)E[Y(tﬂT:t,S]‘T:t}

ot

- 0.0 OF [;E(HT =t, S)’T = t]

-0.5

-1.0 =E [gtu(t, S))T = t} = 0c(t).

0.0 0.5 1.0 (*) Ignorability; (**) Consistency.
S =0c(u)

-1.0 =05

—~
By the fundamental theorem of calculus, m(t) = m(T) + f; m' (1) du so that

m(t) = E [m(t)] = E(Y) +E{/uuTt}E [gtu(T, 5)[T= u} du} forany t € 7.
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Example: Additive Confounding Model

Consider the additive confounding model, which is commonly assumed in spatial
statistics (Paciorek, 2010; Schnell and Papadogeorgou, 2020; Gilbert et al., 2023):

Y(t) =m(t)+n(S)+e or Y =m(T)+n(S)+e. 1)
m:T — Randn:S — R are deterministic functions.

e € R is an independent noise variable with E(e¢) = 0 and Var(e) > 0.
m(t) = E [Y()] = m(t) + E[n(S)] and 0(¢) = m'(t) = SE[Y(£)] = m'(¢).
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Example: Additive Confounding Model

Consider the additive confounding model, which is commonly assumed in spatial
statistics (Paciorek, 2010; Schnell and Papadogeorgou, 2020; Gilbert et al., 2023):

Y(t) = n(t) +5(S)+e or Y=m(T)+n(S)+e. (1)

m:T — Randn:S — R are deterministic functions.
e € R is an independent noise variable with E(e¢) = 0 and Var(e) > 0.
m(t) = E[Y(t)] = m(t) + E [(S)] and 6(t) = m'(t) = FE[Y(£)] = m(1).

Proposition (Proposition 2 in Zhang et al. 2024)
Under the additive confounding model (1), the extrapolation condition holds:

o(t) = EV

b tﬂT—ﬂ—%o and E(Y) = E[m(T) +n(S)] = E [m(T)].
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Example: Additive Confounding Model

Consider the additive confounding model, which is commonly assumed in spatial
statistics (Paciorek, 2010; Schnell and Papadogeorgou, 2020; Gilbert et al., 2023):

Y(t) = n(t) +5(S)+e or Y=m(T)+n(S)+e. (1)

m:T — Randn:S — R are deterministic functions.
e € R is an independent noise variable with E(e¢) = 0 and Var(e) > 0.
m(t) = E[Y(t)] = m(t) + E [(S)] and 6(t) = m'(t) = FE[Y(£)] = m(1).
Proposition (Proposition 2 in Zhang et al. 2024)
Under the additive confounding model (1), the extrapolation condition holds:

o(t) = EV

b tﬂT—ﬂ—%o and E(Y) = E[m(T) +n(S)] = E [m(T)].

» Drawback of (1): The treatment effect is homogeneous for any S =s € S.
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Proposed Integral Estimator of m(t)

Recall our identification formulae

=F Y+/;:tec(?)d?] and fOc(t) = [gt (t,S) ‘T ]:/gt,u(t,s)dP(sH).

=T

m(t)
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Proposed Integral Estimator of m(t)

Recall our identification formulae

m(t) =E Y+/;:tec(?)d?] and fOc(t) = [gt (t,S) ‘T ]:/gt,u(t,s)dP(sH).

=T

Our integral estimator of m(t) is given by

n =t
rﬁg(t):%z YZ-+/”9 ()dt]

i=1
and our localized derivative estimator of §(t) is
t

c(t) = / Bat, s) dD(s]t).
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Proposed Integral Estimator of m(t)

Recall our identification formulae

=F Y+/;:tec(?)d?] and fOc(t) = [gt (t,S) ‘T ]:/gt,u(t,s)dP(sH).

=T

m(t)

Our integral estimator of m(t) is given by

A 1 =t
mo(t) = — Y'—i—/ Oc(t)dt, |,
=33 |vir [, 6
and our localized derivative estimator of §(t) is
t

“ﬂ—/@u@@@w

Ba(t,s) :== & u(t,s) is fitted by (partial) local polynomial regression.

P(s|t) is estimated by Nadaraya-Watson conditional cumulative distribution
function (CDF) estimator.
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Estimation of Nuisance Functions

Order g (Partial) Local Polynomial Regression (Fan and Gijbels, 1996): Let
B(t,s) € RT*! and a(t,s) € R? be the minimizer of

2
n

q d
T, —t Si —
arg min Z Yi—ZBj(Tj—t)q—zaé(si?z—sé) K7 ( i )KS ( b S) .
j=0

(B,0)TeRI1+d 7 =1

Kr:R —[0,00),Ks : RY — [0, 00) are two symmetric kernel functions, and h,b > 0 are
smoothing bandwidth parameters.

The second component Bz(h s) is a consistent estimator of 5,(t,s) = % wu(t, s).
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Estimation of Nuisance Functions

Order g (Partial) Local Polynomial Regression (Fan and Gijbels, 1996): Let
B(t,s) € RT*! and a(t,s) € R? be the minimizer of

2
n

q d
. T, —t Si —
arg min Z Yi_Zﬁj(Ti_t)q—Zaé(Si,Z_sé) K7 ( i )KS ( b S) .
j=0

(B,0)TeRI1+d 7 =1

Kr:R —[0,00),Ks : RY — [0, 00) are two symmetric kernel functions, and h,b > 0 are
smoothing bandwidth parameters.

The second component Bz(h s) is a consistent estimator of 5,(t,s) = % wu(t, s).

Nadaraya-Watson conditional CDF Estimator (Hall et al., 1999):
217'1:1 l{SiSS} ’ KT (Ti{t)
— [T—t
Z;'l:l Kr (jT)

Kr : R — [0,0) is a kernel function and # > 0 is its smoothing bandwidth parameter.

Pu(s|t) =
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Proposed Localized Derivative Estimator of 6(¢)

Combining two nuisance function estimators Bz(t, s) and IA’(s|t), we derive our

localized derivative estimator of 0(t) as:

S Balt, 59 - K (T
Z?:l Kr (%) |

%@=/@@®ﬁ$m=

Our integral estimator takes the form

f=t
Yi+j[ Hc(t) dt] .
f
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Proposed Localized Derivative Estimator of 6(¢)

Combining two nuisance function estimators Bz(t, s) and IA’(s|t), we derive our

localized derivative estimator of 0(t) as:

S Balt, 59 - K (T
Z?:l I_<T (%) .

%@=/@@®ﬁ$m=

Our integral estimator takes the form

n

mg(t) = % >

i=1

f=t
Yi+j[ Hc(t) dt] .
f

=T;

Other methods can be applied to estimate % p(t,s) and P(s|t).

mg(t), under our kernel-based estimators, is a linear smoother.
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Proposed Localized Derivative Estimator of 6(¢)

Combining two nuisance function estimators Bz(t, s) and IA’(s|t), we derive our
localized derivative estimator of 0(t) as:

S Balt, 59 - K (T
Z?:l I_<T (%) .

%@=/@@®ﬁ$m=

Our integral estimator takes the form

n

mg(t) = % >

i=1 =Ti

f=t
Yi+j[ Hc(t) dt] .
f

Other methods can be applied to estimate % p(t,s) and P(s|t).

mg(t), under our kernel-based estimators, is a linear smoother.

» Issue: The integral could be analytically difficult to compute.
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Fast Computing Algorithm for the Integral Estimator

Our integral estimator takes the form

n

g (t) = % >

i=1

t=t
Yi+j[ Oc(t) dt] .
t

=T;

» Riemann Sum Approximation: Let T(1) < --- < T, be the order statistics of
Tl, ceny Tn and A] = T(j+1) - T(]) fOI‘j = 1, ey — 1.

Approximate 711y (T(j)) for eachj = 1,...,n as:

R 1 n 1 n—1 . o
WZQ(T(])) ~ E Z Yl' + % Z A,‘ [l . QC(T(i))]l{K]'} — (TZ — l) . HC(T(i+1))]1{i2j}:| .
i=1 i=1
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Fast Computing Algorithm for the Integral Estimator

Our integral estimator takes the form

mg(t) = % >

i=1

t=t
Yi+j[ Oc(t) dt] .
t

=T;

» Riemann Sum Approximation: Let T(1) < --- < T, be the order statistics of
Tl, ceny Tn and A] = T(j+1) - T(]) fOI‘j = 1, ey — 1.

Approximate 711y (T(j)) for eachj = 1,...,n as:
1 n 1 n—1 R R
tg(Tg)) ~ > it DA [i Be(T ) iy — (1= 1) - 0c(T(i41)) 1 {izj}} .
i=1 i=1
Evaluate 711y(t) at any t € [T(;), T(j+1)] by a linear interpolation between 712(Tj))

and 7719 (T(j+1) ) .

The approximation error is at most Op (1), which is asymptotically negligible.
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Nonparametric Bootstrap Inference
Compute 71y (t) on the original data {(Y;, T;, S;) } ;.
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Nonparametric Bootstrap Inference
Compute 71y (t) on the original data {(Y;, T;, S;) } ;.

v O 70 g ®)

Generate B bootstrap samples { ( ; : ; ) }n . by sampling with
1

replacement and compute rﬁz(b) (t) foreachb =1, ...,B.
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Nonparametric Bootstrap Inference
Compute 71y (t) on the original data {(Y;, T;, S;) } ;.

v O 0

i [ ]

HONE . .
Generate B bootstrap samples { ( S ) } . by sampling with
1

replacement and compute rﬁz(b) (t) foreachb =1, ...,B.

Let « € (0,1) be a pre-specified significance level.

For pointwise inference at fy € T, calculate the 1 — o quantile ¢f_ (o) of
{D(ty), ..., Dg(to)}, where Dy(to) = |11} (to) — fitg(to)| for b =1, ..., B.

For uniform inference on m(t), compute the 1 — o quantile £, of {Dgup 1, ---; Dsup,8}

where Dy, , = sup @;(b)(t) — 1?19(1‘)‘ forb=1,...,B.
teT
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Nonparametric Bootstrap Inference
Compute 71y (t) on the original data {(Y;, T;, S;) } ;.

v O 70 g ®)

Generate B bootstrap samples { ( ; S, ) }?:1 by sampling with
replacement and compute rﬁz(b) (t) foreachb=1,...,B.
Let « € (0,1) be a pre-specified significance level.
For pointwise inference at fy € T, calculate the 1 — o quantile ¢f_ (o) of
{D(ty), ..., Dg(to)}, where Dy(to) = |1} (to) — 1?19(1‘0)‘ forb=1,..,B.

For uniform inference on m(t), compute the 1 — o quantile £, of {Dgup 1, ---; Dsup,8}

where Dy, , = sup ‘@;(b)(t) — 1?19(1‘)‘ forb=1,...,B.
teT

Define the 1 — « confidence interval for m(ty) as:

[7ig(t0) = Ga(t0), Tig(to) + G_a(t0)]

and the simultaneous 1 — « confidence band for every t € T as:
[ﬁie(t) - &T—aa ﬁ'l@(t) =+ gf—a} .
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Uniform Consistency of Local Polynomial Regression

The support € of (T, S) may not cover 7 x S without positivity.

EEE joint support of (T,S)
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Uniform Consistency of Local Polynomial Regression

The support € of (T, S) may not cover 7 x S without positivity.

EEE joint support of (T,S)

-1.0 -05 0.0 0.5 1.0
S

§C(t) = Bz(t, s) dIA’ﬁ(s|t) only requires Bz(t, s) to be consistent in £.

Lemma (Lemma 3 in Zhang et al. 2024)

Under some regularity conditions, as h, b, %’“’}4 — 0and mﬁfhﬁm — 00,
~ 0 max{h, b}* | log(hb?)|
t.s) — —u(t.s)| =0 (hl +p? 22107 Lo )
(:328 Ba(t,s) 8t'u( ,S) O( +b + I > +Op < R
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Uniform Consistencies of Proposed Estimators

Combining with the consistency of lgh(s]t) via the technique in Fan et al. (1998), we
have the following results.

Theorem (Theorem 4 in Zhang et al. 2024)

Let T' C T be a compact set so that pr(t) > prmin > 0 forall t € T'. When q = 2 and
hb,h, max{h b}* — 0and nmax{hh}b? uh

logn > logn — o0,
e B 2 g2, max{b h}* h4 /logn [logn
561178 Oc(t) Hc(t)‘ =0 <h +b"+ p h3 5 |
Bia;trerm

Stochastic variation

s g _ s o max{bh}* 1 logn 5 logn
tseuﬁ\me(t) m(t)]O(h +b Y +Op \/ﬁ+\/ e + +\/—nh :

Yikun Zhang Nonparametric Inference on Dose-Response Curves Without Positivity 26/37
g )




Uniform Rate of Convergence For the Integral Estimator
~ logn log
sup 1) — (1) = O (12 + 12 + )+op< e )
teT’ nh

Blue term: the estimation bias of local polynomial estimator Ba(t,s).

additional bias of Bz(t, s) at the boundary 0€.
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Uniform Rate of Convergence For the Integral Estimator
~ logn log
sup 1) — (1) = O (12 + 12 + )+op< e )
teT’ nh

Blue term: the estimation bias of local polynomial estimator Ba(t,s).

additional bias of Bz(t, s) at the boundary 0€.
Teal term: asymptotic rate from Y,, = % S Y

Red term: stochastic variation of B\z(h S).
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Uniform Rate of Convergence For the Integral Estimator
~ logn log
sup 1) — (1) = O (12 + 12 + )+op< e )
teT’ nh

Blue term: the estimation bias of local polynomial estimator Ba(t,s).

additional bias of Bz(t, s) at the boundary 0€.
Teal term: asymptotic rate from Y, = 1 > 1 Y;.
Red term: stochastic variation of B\z(h S).

Cyan term: asymptotic rate from the Nadaraya-Watson conditional CDF estimator
P (s]t).
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Asymptotic Linearity of Proposed Estimators

Lemma (Lemma 5 in Zhang et al. 2024)

1
Under the same regularity conditions, ifh <n 7 and h < n=w for some v > w > 0 such

d nmax{hh}b? un MBlogn nhdrt
logn ’ logn? h 7 logn

5 -5
that 122;1 — ¢1 and 122 - — Co for some ¢y, ¢ > 0an

as n — oo, then forany t € T,

— 00
V3 [@C(t) _ e(t)] — Gugr +op(1), and  uk? [fig(t) — m(t)] = Gper + 0p(1),

rrne =S Ci)a ()

and ¢; (Y, T,S) = Er, [f%l (Y, T,S) d?] with G, = \/n (P, — P), where Cg, > 0isa
constant that only depends on Kr.

where

» Note: ¢; and ¢; are the IPW components of the approximated efficient influence
functions.
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Nonparametric Bootstrap Consistency

Theorem (Theorems 6 and 7 in Zhang et al. 2024)

1
Under the same reqularity conditions, ifh <n ~ andb S h

1
=n"= forsomey>w >0
such that ’}’;gn — 1 and nh® ¢ for some c1,cy > 0 and

logn
Vah nmax{hh}b?
hslognvﬁ” logn, logn’ — Tlogn 7 00 @51 — 00,

Vnh3 sup |itig(t) — m(t)| — sup |Gue|
teT teT

:Op( nh3 max{h, h}4+\/h310g"+13%+ 1;},%2).
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Nonparametric Bootstrap Consistency

Theorem (Theorems 6 and 7 in Zhang et al. 2024)

: 29 g _1 1
Under the same regularity condztzons ifh=<n vandb S h=<xn"= forsomey > w >0
such that ’}’;gn — ¢1 and 2 log - — Co for some ¢y, ¢y > 0 and

N )b
Fns log logz,% — 00 as N — 00,

:Op( nh3 max{h, h}4+\/h310g"+13%+ 1;},%2).

there exists a mean-zero Gaussian process B such that
1 3
logsn ’ . logzn ’
nh3 nbih

n3logn logn’

Vnh3 sup |itig(t) — m(t)| — sup |Gue|
teT teT

sup
u>0

P (Wsup lmg(t) — m(t)| < u) -P <sup IB(f)| < u)
teT feF
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Nonparametric Bootstrap Consistency

Theorem (Theorems 6 and 7 in Zhang et al. 2024)

: 29 g _1 1
Under the same reqularity conditions, ifh <n v andb S h<n" = for some~y > w > 0
such that ’}’;gn — 1 and nh® ¢ for some c1,cy > 0 and

logn
Vah nmax{hh}b?
hslognvﬁ” logn, logn’ — Tlogn 7 00 @51 — 00,

Vnh3 sup |itig(t) — m(t)| — sup |Gue|
teT teT

:Op( nh3 max{h, h}4+\/h310g"+13%+ 1;},%2).

there exists a mean-zero Gaussian process B such that

~ log® n ’ log? n :
sup |P | Vnh3sup |mg(t) —m(t)| <u | — P sup|B <u +
sup [P (Vi sup i (1)~ ()] < (fey < ) (nh3> (nbdﬁ

-~ -~ log® 1 % log? n %
sup [P (v sup [ty (£) — o (t)] < ulUy ) =P (sup[B(F)| <u || = 0p ( (122)" + (252)"),
u>0 teT feFr

where F = {(v,x,z) — p(v,x,2) : t € T }.
Yikun Zhang
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Remarks on Our Asymptotic Results

F is not Donsker because ¢; is not uniformly bounded as i — 0.
However, F = {(v, x,z) = VI3 (v, x,2)  t € '7'/} is of VC-type.

Gaussian approximation in Chernozhukov et al. (2014) can be applied to bound the
difference between supsc 7 |Gy (f)| and supse 7 [B(f)|-
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Remarks on Our Asymptotic Results

F is not Donsker because ¢; is not uniformly bounded as i — 0.
However, F = {(v, x,z) = VI3 (v, x,2)  t € '7'/} is of VC-type.

Gaussian approximation in Chernozhukov et al. (2014) can be applied to bound the
difference between supsc 7 |Gy (f)| and supse 7 [B(f)|-

Aslong as Var(Y|T = t,§ = s) > 02 > 0, Var [p:(Y, T, S)] is a positive finite number.

The asymptotic linearity (or V-statistic) is non-degenerate.

Pointwise bootstrap confidence intervals are asymptotically valid.
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Remarks on Our Asymptotic Results

F is not Donsker because ¢; is not uniformly bounded as i — 0.
However, F = {(v, x,z) = VI3 (v, x,2)  t € ’7'/} is of VC-type.

Gaussian approximation in Chernozhukov et al. (2014) can be applied to bound the
difference between supsc 7 |Gy (f)| and supse 7 [B(f)|-

Aslong as Var(Y|T = t,§ = s) > 02 > 0, Var [p:(Y, T, S)] is a positive finite number.

The asymptotic linearity (or V-statistic) is non-degenerate.

Pointwise bootstrap confidence intervals are asymptotically valid.
For the validity of uniform bootstrap confidence band, one can choose the
bandwidths 1 < /i = O <n—%) and (lﬁ) M <p<ns,

These orders align with the outputs from the usual bandwidth selection methods
(Bashtannyk and Hyndman, 2001; Li and Racine, 2004).

No explicit undersmoothing is required!!
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PM, 5 and CMRs Data Recap

FIPS County name Longitude Latitude PM2.5 CMR
1025 Clarke -87.830772 31.676955 6.766443 379.421713
1061 Geneva -85.839330 31.094869 8.254272 378.524698
1073 Jefferson  -86.896571 33.554343 10.825441 352.790427

1077 Lauderdale -87.654117 34.901500 9.208783 332.594557
5085 Lonoke -91.887917 34.754412 8.213144 365.061085

8045 Garfield -107.903621 39.599420 2.601772 250.781477

The dataset (Wyatt et al., 2020a,b) contains the average annual CMRs (Y) and
PM, 5 levels (T) across n = 2132 U.S. counties over 1990-2010.
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FIPS County name Longitude Latitude PM2.5 CMR
1025 Clarke -87.830772 31.676955 6.766443 379.421713
1061 Geneva -85.839330 31.094869 8.254272 378.524698
1073 Jefferson  -86.896571 33.554343 10.825441 352.790427

1077 Lauderdale -87.654117 34.901500 9.208783 332.594557
5085 Lonoke -91.887917 34.754412 8.213144 365.061085

8045 Garfield -107.903621 39.599420 2.601772 250.781477

The dataset (Wyatt et al., 2020a,b) contains the average annual CMRs (Y) and
PM, 5 levels (T) across n = 2132 U.S. counties over 1990-2010.

The covariate vector S € R!? consists of two parts:
2 spatial confounders: latitude and longitude of each county.
8 county-level socioeconomic factors acquired from the US census.
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PM, 5 and CMRs Data Recap

FIPS County name Longitude Latitude PM2.5 CMR
1025 Clarke -87.830772 31.676955 6.766443 379.421713
1061 Geneva -85.839330 31.094869 8.254272 378.524698
1073 Jefferson  -86.896571 33.554343 10.825441 352.790427

1077 Lauderdale -87.654117 34.901500 9.208783 332.594557
5085 Lonoke -91.887917 34.754412 8.213144 365.061085

8045 Garfield -107.903621 39.599420 2.601772 250.781477

The dataset (Wyatt et al., 2020a,b) contains the average annual CMRs (Y) and
PM, 5 levels (T) across n = 2132 U.S. counties over 1990-2010.
The covariate vector S € R!? consists of two parts:

2 spatial confounders: latitude and longitude of each county.

8 county-level socioeconomic factors acquired from the US census.

Focus on the values of PM; 5 between 2.5 ng/ m3 and 11.5 ng/ m?3 to avoid
boundary effects (Takatsu and Westling, 2022).
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Effect of PM, 5 on the Cardiovascular Mortality Rate (CMR)

400
Q
B |
S 20{pSeerTSmEee
o i ~
£ TN—
[@)]
= = N\
© SN e
c 0 T -
] Sl
o N
I =
2 50 Regress Y on T only @] Regress Y on T only
== Regress Y on T and spatial locations —20 Regress Y on T and spatial locations
== Regress Y on T and all covariates == Regress Y on T and all covariates
4 6 8 10 4 6 8 10
PM, 5 concentration (ug/m?3) PM, 5 concentration (ug/m?3)

Shaded areas: 95% pointwise confidence intervals; Regions between dashed lines: 95% uniform confidence bands.
We compare three models:
Regress Y on T alone via local quadratic regression.
Regress Y on T with spatial locations.
Regress Y on T with both spatial and socioeconomic covariates.
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2 50 Regress Y on T only @] Regress Y on T only
== Regress Y on T and spatial locations —20 Regress Y on T and spatial locations
== Regress Y on T and all covariates == Regress Y on T and all covariates
4 6 8 10 4 6 8 10
PM, 5 concentration (ug/m?3) PM, 5 concentration (ug/m?3)

Shaded areas: 95% pointwise confidence intervals; Regions between dashed lines: 95% uniform confidence bands.
We compare three models:
Regress Y on T alone via local quadratic regression.
Regress Y on T with spatial locations.
Regress Y on T with both spatial and socioeconomic covariates.

For model 3, the increasing trends are significant when PM, 5 < 8 ng/m®.
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Summary of Today’s Talk

We study nonparametric inference on the dose-response curve m(t) = E[Y(t)] and its
derivative 6(t) = %E [Y(t)] without the positivity condition.

Our key technique relies on two pillars in calculus:

u=t

o(t) =E [gtu(t, S)‘T = t] and m(t)=E [Y—k/ 0(u) du] .
u=T
Differentiation Integ;ation
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Both estimators are consistent without the positivity condition.
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Summary of Today’s Talk

We study nonparametric inference on the dose-response curve m(t) = E[Y(t)] and its
derivative 6(t) = %E [Y(t)] without the positivity condition.

Our key technique relies on two pillars in calculus:

o(t) = E [gtu(t, )| = t] and  m(t) =E [Y—k/uu:te(u) du] .

=T

Differentiation Integ;ation

Both estimators are consistent without the positivity condition.

Our integration idea opens a new direction for causal inference with continuous
treatments under violations of positivity!
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Ongoing Works and Future Directions

IPW and Doubly Robust Estimation: Our estimators are based on regression
adjustment forms. Can we generalize to IPW and doubly robust forms (Zhang and
Chen, 2025)?

Yikun Zhang Nonparametric Inference on Dose-Response Curves Without Positivity 36/37



Ongoing Works and Future Directions

IPW and Doubly Robust Estimation: Our estimators are based on regression
adjustment forms. Can we generalize to IPW and doubly robust forms (Zhang and
Chen, 2025)?

Violation of Ignorability: Can we conduct sensitivity analysis on unmeasured
confounding (Chernozhukov et al., 2022)?

logn
n

4
High-Dimensional Confounders: ( Y <h< n=s only works when d < 5.

Can we use additive models (Guo et al., 2019) to resolve the dimensionality issue?

d/
E(Y|T=tS=sZ=z)=m(t)+n(s)+ Y glz) with zeR" d>d
j=1
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Ongoing Works and Future Directions

IPW and Doubly Robust Estimation: Our estimators are based on regression
adjustment forms. Can we generalize to IPW and doubly robust forms (Zhang and
Chen, 2025)?

Violation of Ignorability: Can we conduct sensitivity analysis on unmeasured
confounding (Chernozhukov et al., 2022)?

logn
n

4
High-Dimensional Confounders: ( Y <h< n=s only works when d < 5.

Can we use additive models (Guo et al., 2019) to resolve the dimensionality issue?
d/
E(Y|T=tS=sZ=z)=m(t)+n(s)+ Y glz) with zeR" d>d
j=1

Mediation Analysis: Can we generalize our strategies for the estimation of direct
and indirect causal effects (Huber et al., 2020; Xu et al., 2021) without positivity?
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Thank you!

More details can be found in

[1]1 Y. Zhang, Y.-C. Chen, and A. Giessing. Nonparametric Inference on Dose-Response Curves Without
the Positivity Condition. arXiv preprint, 2024. https://arxiv.org/abs/2405.09003.

All the code and data are available at
https://github.com/zhangyk8/npDoseResponse/tree/main.

Python Package: npDoseResponse and R Package: npDoseResponse.

[2] Y. Zhang and Y.-C. Chen. Doubly Robust Inference on Causal Derivative Effects for Continuous
Treatments. arXiv preprint, 2025. https://arxiv.org/abs/2501.06969.
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Regularity Assumptions (Smoothness Conditions)

Let £ C T x S be the support of p(t,s), £° be the interior of £, and JE be the
boundary of €.

For any (t,s) € £°, u(t, s) is at least (g + 1) times continuously differentiable with
respect to t and at least four times continuously differentiable with respect to s. All
these partial derivatives of y(t, s) are continuous up to the boundary 0€.
Furthermore, p(t, s) and the partial derivatives are uniformly bounded on £.
Finally, there exist absolute constants o, Ay > 0 such that Var(Y|T =t,S=s) =0
and E|Y|* < Ap < oo uniformly in €.

2

p(t,s) is bounded and at least twice continuously differentiable with bounded
partial derivatives up to the second order on £°. All these partial derivatives of
p(t,s) are continuous up to the boundary 0€. Furthermore, £ is compact and p(t, s)
is uniformly bounded away from 0 on £. Finally, the marginal density pr(t) of T is
non-degenerate, i.e., its support 7 has a nonempty interior.
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Regularity Assumptions (Boundary Conditions)

There exists some constants 11,7, € (0, 1) such that for any (f,s) € £ and all
d € (0,7], there is a point (¥, s") € £ satisfying

B((t,s"), r0) C B((t,s), 0)NE,

where
B((t:s), 1) = {(tr.s1) € R 5 ||(ty — 51 = 5)]|, < 7}

with ||-||, being the standard Euclidean norm.
For any (t,s) € 0&, the boundary of &, it satisfies that %p(t, s) = %p(t, s) = 0and
g—:zu(t,s) =0forallj=1,...4d.

J

For any 6 > 0, the Lebesgue measure of the set 0€ @ § satisfies |0€ @ §| < A; - 0 for
some absolute constant A; > 0, where

0E Do = {zeRd“: inf ]|z—x|2§5}.
x€0€
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Regularity Assumptions (Kernel Conditions)

K7 : R — [0,00) and Ks : RY — [0, 00) are compactly supported and Lispchitz
continuous kernels such that [, Kr(t) dt = [p4 Ks(s)ds = 1, Kr(t) = Kp(—t), and K
is radially symmetric with [ s - Ks(s)ds = 0. In addition, forallj = 1,2, ..., and
t=1,..,4d,

/f]m = / WKr(u)du < oo, V]‘(T) = / WKE (1) du < oo,
R R

/@ﬁ) ::/ u]éKs(u) du < oo, and u].(;) ::/ uJZKé(u) du < oo.
Rd R4

Finally, both K and K are second-order kernels, i.e., IiéT) > 0 and /igsg > ( for all
f=1,..,4d.

¢ Nk B
Let Kga = {(:2) = (%) (352" (552) ke (%) Ks (35%) : (s) €
TxSij=1,.dl=0,..20k,kp=0,1;1,b> o}. It holds that K, 4 is a

bounded VC-type class of measurable functions on R¥*1.
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Regularity Assumptions (Kernel Conditions)

The function K7 : R — [0, 00) is a second-order, LiEschitz continuous, agd
symmetric kernel with a compact support, i.e., fR Kr(t)dt =1, Kr(t) = Kr(—t), and
Jg t2Kr(t) dt € (0, 00).

Let K = {y — Kr <y%t) cteT,h> O}. It holds that K is a bounded VC-type class
of measurable functions on R.

Recall that the class G of measurable functions on R4+ is VC-type if there exist
constants Ap, v, > 0 such that forany 0 < e < 1,

A\ 2
upN (6.12(Q) e [Glle) < ()

€

where N (g, Ly(Q),€||G] |L2(Q)> is the €||G||}, o -covering number of the
(semi-)metric space <Q, 18 L2(Q))’ Q is any probability measure on R+, G is an

1
2

envelope function of G, and [|G||L, () is defined as { Jrasi [G(x)]* dQ(x)
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Simulation Setup for Estimating m(t) and 6(t) Without Positivity

Use the Epanechnikov kernel for Kr and Kg (with the product kernel technique)
and Gaussian kernel for Kr.

Select the bandwidth parameters /1,b > 0 by modifying the rule-of-thumb method
in Yang and Tschernig (1999).

Set the bandwidth parameter 7 > 0 to the normal reference rule in Chacén et al.
(2011); Chen et al. (2016).

Set the bootstrap resampling time B = 1000 and the nominal level for confidence
intervals or bands to 95%.

Compare our proposed estimators with the regression adjustment estimators
under the same choices of bandwidth parameters:

. 1 ~ 1=~
fiiga(t) = D h(tS) and  Ora(t) = - > B(tS)).
i=1 i=1
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Y=T>+T+1+10S+¢, T=sin(xS)+E, and S~ Uniform[-1,1].

Single Confounder Model Without Positivity

Generate i.i.d. observations {(Y;, T;, ;) }2%" from

i=1

E ~ Uniform[—0.3,0.3] is an independent treatment variation,
e ~ N(0,1) is an exogenous normal noise.

Causal effect m(t)

Derivative effect 8(t)

n=1000

15

Simulated data
—— True curve m(t)

Naive RA estimator
—— Our estimator /ig(t)
77 95% pointwise Cls
=== 95% uniform band

Naive RA estimator
—— True derivative 6(t)
—e— Our estimator 8¢(t)

95% pointwise Cls
=== 95% uniform band

0 0 0
Treatment level t Treatment level t Treatment level t

Yikun Zhang
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Linear Confounding Model Without Positivity

Generate i.i.d. observations {(Y;, T;, ;) }2%" from

i=1

Y=T+6S5 +6S+¢, T=25+4+S,+E, and (Si,5,)~ Uniform[—1,1]?,
E ~ Uniform[—0.5,0.5] and € ~ A/(0, 1).

(t)

1S
=
b
b=
7}
©
a
?
0-10
© 4
<
-
@
£ 2
3]
]
=
2 0
2
=
9]
o

n=500 n=1000 n=5000

Simulated data
—— True curve m(t)
Naive RA estimator
Our estimator mg(t)
95% pointwise Cls
95% uniform band

--------------- . Naive RA estimator
— 2 e N 2 e I B B Y | —— True derivative 6(t)

- ] AL Jrunsy —— Our estimator 8(t)
: Ha 95% pointwise Cls

__________________ (O S T 07 Ji T8 "8-= | ==~ 95% uniform band

-2 0 2 -2 0 2 -2 0 2
Treatment level t Treatment level t Treatment level t

Yikun Zhang
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Nonlinear Confounding Model Without Positivity

Generate i.i.d. observations {(Y;, T}, S;)}

0
7 from

z
Y = T2+ T+10Z + ¢, T:cos<7rZ3>+—+E, and Z =48, +S,,

4

(S1,S2) ~ Uniform[—1,1]?, E ~ Uniform[-0.1,0.1], and € ~ N(0, 1).

Those doubly robust methods based on pseudo-outcomes (Kennedy et al., 2017;

Takatsu and Westling, 2022) do not work in this example.

n=500 n=1000 n=5000

(t)

Causal effect mi

Simulated data
—— True curve m(t)

Naive RA estimator
—— Our estimator fig(t)
= 95% pointwise Cls
~== 95% uniform band

Derivative effect 6(t)

Naive RA estimator
—— True derivative 6(t)
—e— Our estimator 8¢(t)
95% pointwise Cls
~=- 95% uniform band

-1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
Treatment level t Treatment level t Treatment level t
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Nonparametric Bound on m(t) When Var(E) =0

For simplicity, we assume the additive confounding model
Y=m(T)+n(S)+e T=f(S)+E with E[n(S)]=0 and E(E)=0.
When Var(E) =0,

u(t, s) can be identified only on a lower-dimensional surface
{(t,s) € T xS :t=f(s)} so that

p(f(s),s) = m(f(s)) +n(s) = m(f(s)) + n(s). @)
The relation T = f(S) can be recovered from the data {(T;, S;)}/_ ;.

Assumption (Bounded random effect)

Let L¢(t) = {s € S : f(s) =t} be a level set of the functionf : S — Rat t € T. There exists
a constant p; > 0 such that

SUPe 7 SUDscLs (1) M(f(s)a S) — infier infseLf(t) M(f(s)a S)
A P . |
teT seL(t)
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Nonparametric Bound on m(t) When Var(E) =0

By (2) and the first lower bound on p; > sup sup [7(s)| in the previous assumption,
teT seLe(t)

we know that
|1 (s),8) = m(B)] = [n(s)] < ;1
for any s € L¢(t). It also implies that

m(t) € () [u(f(s),8) = p1, u(f(s),s) + 1]

SELf(t)

= | sup u(f(s),s) = pr, inf p(f(s),s)+p |,
sELs(t) s€Ly(f)

which is the nonparametric bound on m(t) that contains all the possible values of

m(t) for any fixed t € 7 when Var(E) = 0.

This bound is well-defined and nonempty under the second lower bound on p; in
the previous assumption.
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